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Chapter 7: Lagrangian & Hamiltonian Dynamics

Problem Set #4
due Tuesday November 1
at start of class
text problems/{7, 7{10,7{11,7{12, 7{20. Pleasealerive all
solutions|don't simplyshav that the text's solutionssatisfyyour EOM.

Newton'sLaw F = mp canbe problematicat times.

For instance the resultingEOM canat timesbe messyin sphericalcylin-
drical, or othercoordinatesystems:

F=m = xX + y9¢ + 22 in Cartesiancoordinates
1d : L
= rAr+ Fa(r2_)"+ 2 in cylindricalcoord's

Newton'slaw requireknowing all the forcesactingon a particle. In partic-
ular, constraims arein additionalforcedo be accouted forin F = ma.

Someforcesof constraim areeasy
ex..: aparticleona at planehasF constraint = + Mgz

Howe\er other problemanay have constrainingorceghat aretoo
complicatedbr di cult to fornmulate.
ex.: motionon a curved surfacemotionof a beadalonga curvedwire, etc.



Lagrange equations of motion

An alternateapproab is to useLagrangian dynamics
whid is a reforrmulation of Newtoniandynamics
that can(sometimesyield simplerEOM.

Anotheradvartageof Lagrangiardynamicsgs that it caneasilyaccouh for
the forcesof constrain.

Beginby noting that the solutionto mary physicsproblemscanbe sohed
by rst invokinga minimizationprinciple.

Ex.: in 1657Fermatpostulatedthat light rays always travel alongthe path
that requiresthe leastamoun of time. From the principle of leasttime,
onecanderive the law of re ection (eg,the angleof re ectionat a mirror =
angleof incidencepand Snell'slaw of refraction.

We will derive Langrangianmetanicsby invoking Hamilton's Principle
(1834),which assertghat a dynamicalsystemfollowns the path that mini-
mizesthe time integralof the Lagrangiar. = T U,

whereT andU arethe system'kinetic and potertial energies.

Chapter6 tells usthat this integral,sometimesalledthe action, is
Z,,
J = L (xj; x;; t)dt
t1
wherethe x;(t) with i = 1;2;:::;N arethe system'strajectoriesin this
N {dimensionaproblem,and x;(t) arethe velccities.

For examplex;(t) couldrepresenthe x(t); y(t); z(t) of a singleparticle.



Hamilton's Principle impliesthat the actionJ hasa minimum alongthe
system'drajectory x;(t).

Consequdly, ead of the trajectoriesx;(t) obeythe Euler{Lagrangesgn's:

@ 4 a
@ dt @

Theseequationsaareusuallycalledthe Lagrangesgn's.

=0

Notethat Newton'sLaw canbe recoweredfrom the Lagrangeegn's:
Considetthe 1D motion of a particlemoving in the potertial U = U(x):

L(x;x) = T U= iszx_2 U(x)
Q @

so — = —=F
@ d@

thus F = —mx = mx asexpected.

dt

Notethat the LagrangeeOM area reformulation of Newtonianmedanics.
They do not introducearny new physics. Rather, they merelyprovide an
alternateapproab to solvingphysicalproblems.

Note alsothat Lagrangiardynamicsdoesnot dealwith forces,
whidh arevector quartities;

rather, it dealswith energiesyhid arescalars

(whidh canalsobe simplerto forrmulate).



Generalized coordinates

Supmseyour 3D systemhasN particles,
andtherearem equationsf constraih. Thenthis problemhas

s=3N m degreesffreedom
whidh meanghat the problemcanbe descriled by

s= 3N m genenlized coordinatesg wherei = 1,2;:::;s.

Thesetoff gg isthe smallespossiblesetof coordinateghat cancompletely
specifythe stateof the system.

Notethat the g neednot have units of length|they migh insteadbe some
conbination of lengths,energiesanglesdimensionlessoordinates etc.

Note alsothat the g, which areknown asthe genealizaed velaities,
may or may not have units of lengthor angleper time.

The Lagrangesquationdor the generalizedoordinatesare

Q d @ _
@ It @1 =0 1=1,2,..,s



Example 7.5

A pendulumis attadhedto a masslessim of radiusa that rotatesat a
constah angularvelccity ! . Obtain the Lagrangeequationfor massm.

Fig. 7{3.



Beginby writing the LagrangiarL = T U.
What is this system'gpotertial energyu?

We will needm's Cartesiancoordinates:

X = acod t+ bsin
y = asin!'t bcos

What is T?

Alsoneedm's velccities:

X = al sinlt+ bcos —
y = al cod t+ bsin —
2

so vZ = x2+vy?= (al)?+ (bJ)?%+ 2ab! { cos sin! t+ sin cod t)
butright ) = sin( ! t)
so T = %mv2 = %m[(a! )2+ (b2 + 2ab! _sin( ! 1)]

and L = %m[(a! )2+ (bJ)?+ 2ab! _sif !'t)] mg(asin't bcos)

What arethe generalizedoordinatedfor this system?
The generalizedelacities?

We couldhave written L in termsof x; y andX;y.
Are the generalizedoordinates?



What is the Lagrange=quationfor this system?

@ E @ =0
@ dt @
where % = mab! cos( !t) mgbsin
and Q@ _ mb? —+ mab! sin(  !t)
@
SO % %_ = mb?*+ mab! (-~ !)cos( !1)
thus ab! .co§ !t) gbsin ©** ab!(—~ !)cos( !t)=0
so *+ Jsin = El!Zcos{  t)
b b
is the EOM.

This is the EOM for a pendulumthat is driven
by an externaltorque(eg,the term on the right).

ie, the simplependulumis recoveredwhen! = 0.
How would you sole the EOM?

Always keepin mind the distinctionin the meaningof a partial deriative:

@ (1)

and a total deriative:

Q-
Q
— 2
: (2)

d
dt

If you confusehe two, your EOM will be wrong.



Example 7.7|constrained  motion

A beadof massm slidesalonga paratolic wire wherez = cr?.
The wire rotateswith angularvelccity ! about the vertical axis.
Obtainthe system'd_agrange=qgn's.

Also, how fast shouldthe wire rotate in orderto susgndthe beadat an
equilibriumat height z > 0.

Fig. 7{5

The Lagrangians

L =T U

where U = mgz
1

T = Zmv?

2v

v = rt+r  + z2 = bead'svelcity in cylindricalcoord's

1
so L = ém(r_z+r2_2+ z’) mgz

Is L written in termsof the system'gyeneralizedoordinates?



How do | simplify this further usingthe constrain imposedby the wire?

First notethat =1,
andthat z = cr?, sothat z = 2crr_and

1
L = ém(r_2+ r2l 2+ 4cr%r?)  mger?

What arethis system'gyeneralizedoordinates?

The Lagrangesgn'is

@ E @ =0
@ d @
where % = mr! 2+ 4mc’rr®>  2mgcr
Q 2 2
and — = mr_+ 4mcrr
d @@_ ) )
- = = + 2002 4 2.2
SO it @ ms + 8mcrr©+ 4mcr e

so (1+ 4c2r5)|' + 4crr? r1 2+ 2gcr=0
isthe L' EOM.

What is the conditionfor ~ oating' the bead
at someequilibriumheigh z = cr? > 0?
le, how fast must the wire rotate for certrifugal forceto balancegravity?

Sincer = Oands = 0,
w? = 2g9c

IS the angularat whid the wire must spinin orderto oat the bead.



Example 7.9

A disk of massM is constrainedo roll dovn an inclined plane without
slipping. Sole the Lagrange=quationdor motion.

Fig. 6{7

First getthe kineticenergy

Recallfrom PHY305that T = Teeer ormass + Trot = sM Y2 + Troy,
whereT, ot = %I 2 isthe KE dueto the disk'srotation,
| = M R? = disk'smomen of inertia:

1 1
T = ZMy?+ “MR?2
YT g

WhatisU?

The Lagrangians then

1 1 .
L =T U:QMf+ZMR2_2+ M gy sin

10



What doesthe no{slip constraim tell us about the coordinatesy and ?
What about the velccities?

Tip: put a dot onthe disk,and useit to relatey $ arclength.
y =R and y=R_

This allovsusto write L in termsof a singlegeneralizedoordinate:

3 .
L = 21|\/|R2_2+ MgR sin

The Lagrangesquationfor this systemis

@ E @ =0
@ dt @
so MgRsin = gM R2*
.. _ 20 .
ie = ﬁsm
20t . N
so (t) = B—Rsm assuminglisk startsat rest
and (t) = R sin

IS the solutionfor the disk'smotion.

11



Problem Set #5
due Thursday November 10
at start of class
text problems7{17,7{27,7{28, 7{33.

Exam #2
on Chapter 7 & Problem Sets 4 & 5
Thursday Nov. 17

The Hamiltonian H

Now letsderive anothersetof equation®of motionfrom the HamiltonianH .
This is usuallyobtainedfrom the system'd_agrangian:

beginby de ning the generalizedhometum p; %
. @ _da _
the LagrangeEqn. is then @ = &@_ o]

Example:1D motion of a singleparticle:

L = %mq? U(0)
p = %_:mg_

Notethat p = the customarymass velccity only whenq is a length.
For othersystemsp migh insteadbe an angularmometum, or something
else.

Now constructthe HamiltonianH )\éia the followving equation:

H(pi;q:t) = pg L@@iqt)
j
wherethe sumextendsover all of the p; & g.

12



a simple example:

suppse L = L(X;y;X;VY)
then py = % = %_

and H(p:pyXy) = pX+ By LOGY;XY)

But notethat H is de ned to be a functionof the p's and('s,
whileL is ordinarily a functionof g's andds!

How do we exdangethe g's andd's for p's andg's?

To write H asa functionof the p's andg's, usep; = @Q.=@j_to obtainan
equationfor g in termsofthe p'sandds,ie,qg = g (qg;p;;t).

Then replaceeat g appearing in L with the equialert expression

q.(q; pi;t) that dependson the p's andg's
) this yieldsthe HamiltonianH (p;; g;t) in its desiredorm.

13



Another set of EOM|Hamilton's equations

To obtainthe H' EOM, start by calculatingthe total derivative of H :
X

H(pi;g:t) = g L(g;q:t)
]
| X @y @y
soby ChainRule, dH = —dp + —d + —dt
y XJ j Y @ g @
. o Q Q @
whilederiative of RHS = gdp + pdg —=-dgqg —-dg —dt
| @ ' @ @
Q Q
Notethat — = p and — = p;;
@ f(l e ">
SORHS = Q Q

d —d —dt
| 9400 @ 9 @
Think of dH asthe total changein H that resultswhenyou alter the
pi; G, andt by small,arbitrary displacemen dp; ; dq ; dt.

NextbringRHS LHS:

X @ @ @ Q@
— dp + —+p dg + —+ —
@ 9 dg @ B dqg a @
Sincethe displacemedn dp; ; dq ; dt arearbitrary,

what doesthat tell usabout their coe cients?

dt = O
j

Thuswe getHamilton'sequations:

_ o
4 @,
. o
LT @
@ a
@ @

) Thesystem'$H tellsyou how its p's and g'q ewolve over time.

14



Supmseour systemhass degreesf freedom,
le, L is a functionof s generalizedoordinates.

The L' EOM wouldthusyield s second{ordeDE's,
while Hamilton'sEgn'swould yield 2s rst{order di erential eqn'’s.

Hamilton'seqgn'sprovide yet anotherdistinct setof EOM that areequinalent
to the LagrangeEOM and Newton'sLaws of motion.

Hamilton'sequationsare especiallyusefulin studiesof
nonlinear& chaoticsystems.

Theyarealsoquite handywhenyouwart to draw a system'phaseadiagram,
plotsof the p; plotted versusthe g,
and aresimply curvesof constah H (p;; g; t).

You will alsoneedto knaov how to constructH in quarium medanics,
sinceH appearsin the Sdredingereqgn'.

15



The 7 Steps of H

UsingHamilton'sEgn'srequires/ steps:
1. Write L(qg; g;t).
2. getthe generalizesmomena

Q
P = =
] @i_
3. Usethe above to soheforg = g (g;pi;t).

4. Insertthe aboveinto L to expresst asL (qg; pi;t).

5. Constructthe Hamiltonian
X

H(pi;q;t) = g L(a;pit)
j
6. Get Hamilton'sEgn's:

ol

€y
ol
@

7. sohe, if possible

16



Example 7.11

UseHamilton'seqn'sto sole for the motion of a particleof massm
that is sugectto a spring{forceF = kr
while constrainedo move on a cylinderof radiusR.

s

I
J

1. obtainL =T U:

1
2
How is U a ected by the constrait?

U= Zkr’= %k(x2+ y2 + 79)
) X2+ y?=R2soU = Zk(R?+ z?).

The particle'skKE in cylindricalcoordinatess
1
T = ém(r_2+ 22+ 2%

How doesthe constraim alter T ?
) r=Randr=0s0T = sm(R?2+ Z?).

17



and L = T U= %m(R2_2+ z%) %k(R2+ %)

2. getthe generalizethometna:

Q

p = = mR?_= angularmometum

mz = verticalmomertum

&
pz:@

3. sohefor the generalizedelccitiesqg:

- P
~ mR?
and z = P
m
4. Write L = L(qg; pi;t):
I S T
L= Rzt om RTTZ)
5. ConstructH :
X
H(pi;g;t) = g L@G:pt)=p —+p.2 L(Gg;pist)
j
2 2
=P P 1k(R2+ z%)

2MR2  2m 2

18



6. Get Hamilton'sEgn's:

@A @
= — and p= —/—
9 g:] B @ N
_ _ P _ @ _ D
SO _= @  mR? and z= @ m
while p = % = 0) angularmometum is consergd
and p, = % = kz

7. Sole for the motion.

Sincep = constan the particlerewolves
with a constah angularvelacity —= p =mR?)  (t) = 4.

The equationdor the vertical motionsis that of a SHO:

z = == —z= 18z

m
so z(t) = Acod gt

19



but the Lagrangeegn'is

X
SO

j
thusif L isin

H conservation

Recallthat L = L(qg;q;t). Thusby the ChainRule,

X
w_X e ,@ .@
dt . @ @

_da
@  d@
d. X da @ @)
@ Yae @' Te
X
_ X d, e @
jdt @ @
but %: 9
d _dX _dH @
&(Q‘_Dj L) = at (G.p; L)_E_ @

dependenoft )

j

H is conserged

when doesH = E?

Next, shav that H = E undercertain circumstan@es

NnOw suppose % =0
and U = U(qg)

what kind of systemis this?
Alsoassuméhat T is a quadiatic functionof the d's:

T(@ =

Examplesnclude:

T

or T

XX

j=1 k=1

2

1 ,
ém(r_2+ 22+ r®sirf

20

Gk %k Wheregy = a;

1 . :
“m(x®+ y?+ y? in Cartesiancoord's

%) in sphericatoord's

ie, U isindependen of t andg



IsT = m(x?+ xy + vz) quadraticin the generalizegelccities?

Now shav that H = E In this case;

X
since H = pig L
i=1
G
= S T+ U
=1 @Lq_
X @
= — T+ U
L@t
Now calculate
a PAND A
— = Ak =G Gk
@L ]=1 k=1 @‘
PARDA
= Qi (i &+ G ki)
j=1 k=1
X X XN _
= Akt  @ig =2 ak& sincea; = &
k=1 j=1 k=1
X a PAED A
consequdly, —qg=2 kG = 2T
i=1 @L i=1 k=1

andthus H = 2T T+ U=E

21



To summarize:
When(i.) Q=@ = 0) H = constah

But when(i.) @=@ = 0

and (ii.) U = LFl,(q)
and (ii. ) T =, axq&) H = E = constan
When conditionsi., ii., andiii. hold, you canreadily obtainthe system's

HamiltonianH by simplywriting down the systemenergyke.

Justmalke surethat E iswritten asa functionof the p's andd's ratherthan
the g's andd's|y oustill have to eliminatethe g's in favor of the p's.

NonethelessysingH = E to constructtll_ge Hamiltoniancanbe a bit easier
than usingthe formalde nition of H =, pg L.

Cyclic coordinates

The pair (¢«; pk) arecalledcanonical conjugates

andthe transformationfrom
L(g;q;t)! H(qg;pi;t) isacanonical transformation.

A coordinateg that doesnot appearin L or H is saidto be cyclic.

Cycliccoordinatesare esgeciallyhandyin Hamilton'seqn'ssince

) the mometa of cycliccoordinatesare constars of the motion.

22



Problem 7{28

A particleof massm movesin the cerral force{ eld F (r) = k=r2.
What arethe HamiltonEOM?

What coordinatesystemshouldl use?

The PE for this systemis U(r) = k=r, whidh recoverskF = @QJ=@.
What is the KE in this coordinatesystem?

The Lagrangians

L =T U:%m(r_z+r2_2)+5

-

Sothe system'snometna are

pr:%=mr_ S0 r_=%
andp:%_:mrz_ SO _:$

CanwesimplyuseH = E = T + U to constructthe system'dHamiltonian?
What 3 conditionsmust be met?

(i) is@=@ = 07?

(ii) is the systemconserative, ie,isU = U(g)?

(i) is T quadraticin the g's?

23



e, P K
2m  2mr? r

consequdly, wecanuse H = T+ U=

Hamilton'seOM are

Gy
+ @
A _p
SO r = — = —
- @ m
_ @ _ p .
and _—= @ _ mr which we alreadyknew...
Cy
and p = —
@
_ @ _ p ok
ORT @ T me 12
and p = %:0

Which coordinateis cyclic?What quatrtity is then consergd?

Notethat theseresultsareconsistenwith our earlierresultsfor the 2{body
problem,upon replacingm ! andk! G(mgq+ my):

p = mr“—= angularmometum " in Chapter8
. p> k=m

m mZ3 2

whid is the eqn'for m's radial acceleration,

whidh we derived earlieron page26 of Chapters8.

alsonotethat s =

24



