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Chapter 7: Lagrangian & Hamiltonian Dynamics

Problem Set #4
due Tuesday November 1

at start of class
text problems7{7, 7{10,7{11,7{12,7{20. Pleasederive all

solutions|don't simplyshow that the text's solutionssatisfyyour EOM.

Newton'sLaw F = m _p canbe problematicat times.

For instance,the resultingEOM canat timesbe messyin spherical,cylin-
drical,or othercoordinatesystems:

F=m = •xx̂ + •yŷ + •zẑ in Cartesiancoordinates

= (•r � r _� 2)r̂ +
1
r

d
dt

(r 2 _� )�̂ + •zẑ in cylindricalcoord's

Newton'slaw requiresknowingall the forcesactingon a particle. In partic-
ular, constraints arein additionalforcesto be accounted for in F = ma.

Someforcesof constraint areeasy
ex.: a particleon a 
at planehasF constraint = +mgẑ

However otherproblemsmay have constrainingforcesthat aretoo
complicatedor di�cult to formulate.
ex.: motionon a curvedsurface,motionof a beadalonga curvedwire,etc.
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Lagrange equations of motion

An alternateapproach is to useLagrangian dynamics,
which is a reformulationof Newtoniandynamics
that can(sometimes)yield simplerEOM.

Anotheradvantageof Lagrangiandynamicsis that it caneasilyaccount for
the forcesof constraint.

Beginby noting that the solutionto many physicsproblemscanbe solved
by �rst invokinga minimizationprinciple.

Ex.: in 1657Fermatpostulatedthat light rays always travel alongthe path
that requiresthe leastamount of time. From the principleof least time,
onecanderive the law of re
ection (eg,the angleof re
ectionat a mirror =
angleof incidence)andSnell'slaw of refraction.

We will derive Langrangianmechanicsby invoking Hamilton's Principle
(1834),which assertsthat a dynamicalsystemfollows the path that mini-
mizesthe time integralof the LagrangianL = T � U,
whereT andU arethe system'skineticandpotential energies.

Chapter6 tells usthat this integral,sometimescalledthe action, is

J =
Z t2

t1

L(x i ; _x i ; t)dt

wherethe x i (t) with i = 1; 2; : : : ; N are the system'strajectoriesin this
N {dimensionalproblem,and _x i (t) arethe velocities.

For example,x i (t) couldrepresent the x(t); y(t); z(t) of a singleparticle.
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Hamilton'sPrinciple impliesthat the action J hasa minimum alongthe
system'strajectoryx i (t).

Consequently, each of the trajectoriesx i (t) obey the Euler{Lagrangeeqn's:

@L
@x i

�
d
dt

�
@L
@_x i

�
= 0

Theseequationsareusuallycalledthe Lagrangeeqn's.

Notethat Newton'sLaw canbe recoveredfrom the Lagrangeeqn's:
Considerthe 1D motionof a particlemoving in the potential U = U(x):

L(x; _x) = T � U =
1
2
m _x2 � U(x)

so
@L
@x

= �
@U
@x

= F

thus F =
d
dt

m _x = m•x asexpected.

Notethat the LagrangeEOM area reformulation of Newtonianmechanics.
They do not introduceany new physics. Rather, they merelyprovide an
alternateapproach to solvingphysicalproblems.

Notealsothat Lagrangiandynamicsdoesnot dealwith forces,
which arevector quantities;
rather, it dealswith energies,which arescalars
(which canalsobe simplerto formulate).
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Generalized coordinates

Supposeyour 3D systemhasN particles,
andtherearem equationsof constraint. Thenthis problemhas

s = 3N � m degreesof freedom

which meansthat the problemcanbe describedby
s = 3N � m generalized coordinatesqi wherei = 1; 2; : : : ; s.

Thesetof f qig is thesmallestpossiblesetof coordinatesthat cancompletely
specifythe stateof the system.

Notethat the qi neednot have units of length|they might insteadbe some
combinationof lengths,energies,angles,dimensionlesscoordinates,etc.

Notealsothat the _qi , which areknown asthe generalized velocities,
may or may not have units of lengthor angleper time.

The Lagrangeequationsfor the generalizedcoordinatesare

@L
@qi

�
d
dt

�
@L
@_qi

�
= 0 i=1,2,.. . ,s
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Example 7.5

A pendulumis attached to a masslessrim of radius a that rotatesat a
constant angularvelocity ! . Obtain the Lagrangeequationfor massm.

Fig. 7{3.
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Beginby writing the LagrangianL = T � U.

What is this system'spotential energyU?

We will needm's Cartesiancoordinates:

x = acos! t + bsin�
y = asin! t � bcos�

What is T?

Alsoneedm's velocities:

_x = � a! sin! t + bcos� _�
_y = a! cos! t + bsin� _�

so v2 = _x2 + _y2 = (a! )2 + (b_� )2 + 2ab! _� (� cos� sin! t + sin� cos! t)

but right () = sin(� � ! t)

so T =
1
2
mv2 =

1
2
m[(a! )2 + (b_� )2 + 2ab! _� sin(� � ! t)]

and L =
1
2
m[(a! )2 + (b_� )2 + 2ab! _� sin(� � ! t)] � mg(asin! t � bcos� )

What arethe generalizedcoordinatesfor this system?

The generalizedvelocities?

We couldhave written L in termsof x; y and _x; _y.
Are the generalizedcoordinates?
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What is the Lagrangeequationfor this system?

@L
@�

�
d
dt

�
@L

@_�

�
= 0

where
@L
@�

= mab! _� cos(� � ! t) � mgbsin�

and
@L

@_�
= mb2 _� + mab! sin(� � ! t)

so
d
dt

�
@L

@_�

�
= mb2•� + mab! ( _� � ! ) cos(� � ! t)

thus ab! _� cos(� � ! t) � gbsin� � b2•� � ab! ( _� � ! ) cos(� � ! t) = 0

so •� +
g
b

sin� =
a
b
! 2 cos(� � ! t)

is the EOM.

This is the EOM for a pendulumthat is driven
by an externaltorque(eg,the term on the right).

ie, the simplependulumis recoveredwhen! = 0.
How wouldyou solve the EOM?

Always keepin mind the distinctionin the meaningof a partial derivative:

@L

@_�
(1)

anda total derivative:
d
dt

�
@L

@_�

�
(2)

If you confusethe two, your EOM will be wrong.
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Example 7.7|constrained motion

A beadof massm slidesalonga parabolic wire wherez = cr2.
The wire rotateswith angularvelocity ! about the verticalaxis.
Obtain the system'sLagrangeeqn's.

Also, how fast shouldthe wire rotate in order to suspend the beadat an
equilibriumat height z > 0.

Fig. 7{5

The Lagrangianis

L = T � U
where U = mgz

T =
1
2
mv2

v = _r r̂ + r _� �̂ + _zẑ = bead'svelocity in cylindricalcoord's

so L =
1
2
m( _r 2 + r 2 _� 2 + _z2) � mgz

Is L written in termsof the system'sgeneralizedcoordinates?
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How do I simplify this further usingthe constraint imposedby the wire?

First notethat _� = ! ,
andthat z = cr2, sothat _z = 2cr _r and

L =
1
2
m( _r 2 + r 2! 2 + 4c2r 2 _r 2) � mgcr2

What arethis system'sgeneralizedcoordinates?

The Lagrangeeqn' is

@L
@r

�
d
dt

�
@L
@_r

�
= 0

where
@L
@r

= mr ! 2 + 4mc2r _r 2 � 2mgcr

and
@L
@_r

= m _r + 4mc2r 2 _r

so
d
dt

�
@L
@_r

�
= m•r + 8mc2r _r 2 + 4mc2r 2•r

so (1 + 4c2r 2)•r + 4c2r _r 2 � r ! 2 + 2gcr = 0

is the L' EOM.

What is the conditionfor `
oating' the bead
at someequilibriumheight z = cr2 > 0?
ie, how fastmust the wire rotate for centrifugal forceto balancegravity?

Since_r = 0 and •r = 0,

w2 = 2gc

is the angularat which the wire must spinin orderto 
oat the bead.
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Example 7.9

A disk of massM is constrainedto roll down an inclinedplanewithout
slipping.Solve the Lagrangeequationsfor motion.

Fig. 6{7

First get the kineticenergy.

Recallfrom PHY305that T = Tcenter of mass + Tr ot = 1
2M _y2 + Tr ot,

whereTr ot = 1
2I _� 2 is the KE dueto the disk'srotation,

I = 1
2M R2 = disk'smoment of inertia:

T =
1
2
M _y2 +

1
4
M R2 _� 2

What is U?

The Lagrangianis then

L = T � U =
1
2
M _y2 +

1
4
M R2 _� 2 + M gy sin�
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What does the no{slip constraint tell us about the coordinatesy and � ?
What about the velocities?

Tip: put a dot on the disk,anduseit to relatey $ arclength.

y = R� and _y = R _�

This allowsusto write L in termsof a singlegeneralizedcoordinate:

L =
3
4
M R2 _� 2 + M gR� sin�

The Lagrangeequationfor this systemis

@L
@�

�
d
dt

�
@L

@_�

�
= 0

so M gR sin� =
3
2
M R2•�

ie •� =
2g
3R

sin�

so _� (t) =
2gt
3R

sin� assumingdiskstartsat rest

and � (t) =
gt2

3R
sin�

is the solutionfor the disk'smotion.
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Problem Set #5
due Th ursda y November 10

at start of class
text problems7{17,7{27,7{28,7{33.

Exam #2
on Chapter 7 & Problem Sets 4 & 5

Th ursda y Nov. 17

The Hamiltonian H

Now letsderiveanothersetof equationsof motionfromthe HamiltonianH .
This is usuallyobtainedfrom the system'sLagrangian:

beginby de�ning the generalizedmomentum pj �
@L
@_qj

the LagrangeEqn. is then
@L
@qj

=
d
dt

@L
@_qj

= _pj

Example:1D motionof a singleparticle:

L =
1
2
m _q2 � U(q)

p =
@L
@_q

= m _q

Notethat p = the customarymass� velocity only whenq is a length.
For othersystems,p might insteadbe an angularmomentum, or something
else.

Now constructthe HamiltonianH via the followingequation:

H (pi ; qi ; t) =
X

j

pj _qj � L (qi ; _qi ; t)

wherethe sumextendsover all of the pi & qi .
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a simple example:

suppose L = L(x; y; _x; _y)

then px =
@L
@_x

py =
@L
@_y

and H (px; py; x; y) = px _x + py _y � L(x; y; _x; _y)

But notethat H is de�ned to be a functionof the p's andq's,
whileL is ordinarilya functionof q's and _q's!

How do we exchangethe q's and _q's for p's andq's?

To write H asa functionof the p's and q's, usepj = @L=@_qj to obtain an
equationfor _qj in termsof the p's andq's, ie, _qj = _qj (qi ; pi ; t).

Then replace each _qj appearing in L with the equivalent expression
_qj (qi ; pi ; t) that dependson the p's andq's
) this yieldsthe HamiltonianH (pi ; qi ; t) in its desiredform.
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Another set of EOM|Hamilton's equations

To obtain the H' EOM, start by calculatingthe total derivative of H :

H (pi ; qi ; t) =
X

j

pj _qj � L (qi ; _qi ; t)

soby ChainRule, dH =
X

j

�
@H
@pj

dpj +
@H
@qj

dqj

�
+

@H
@t

dt

whilederivative of RHS =
X

j

�
_qj dpj + pj d _qj �

@L
@qj

dqj �
@L
@_qj

d _qj

�
�

@L
@t

dt

Notethat
@L
@_qj

= pj and
@L
@qj

= _pj ;

soRHS =
X

j

�
_qj dpj �

@L
@qj

dqj

�
�

@L
@t

dt

Think of dH asthe total changein H that resultswhenyou alter the
pj ; qj , andt by small,arbitrary displacements dpj ; dqj ; dt.

Next bring RHS! LHS:
X

j

��
@H
@pj

� _qj

�
dpj +

�
@H
@qj

+ _pj

�
dqj

�
+

�
@H
@t

+
@L
@t

�
dt = 0

Sincethe displacements dpj ; dqj ; dt arearbitrary,
what doesthat tell usabout their coe�cients?

Thuswe getHamilton'sequations:

_qj =
@H
@pj

_pj = �
@H
@qj

@H
@t

= �
@L
@t

) The system'sH tells you how its p's andq'q evolve over time.
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Supposeour systemhass degreesof freedom,
ie, L is a functionof s generalizedcoordinates.

The L' EOM would thusyield s second{orderDE's,
whileHamilton'sEqn'swould yield 2s �rst{order di�erential eqn's.

Hamilton'seqn'sprovideyet anotherdistinctsetof EOM that areequivalent
to the LagrangeEOM andNewton'sLawsof motion.

Hamilton'sequationsareespeciallyusefulin studiesof
nonlinear& chaoticsystems.

Theyarealsoquitehandywhenyouwant to draw a system'sphasediagram,
plotsof the pi plotted versusthe qi ,
andaresimplycurvesof constant H (pi ; qi ; t).

You will alsoneedto know how to constructH in quantum mechanics,
sinceH appearsin the Schr•odingereqn'.
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The 7 Steps of H

UsingHamilton'sEqn'srequires7 steps:
1. Write L(qi ; _qi ; t).
2. get the generalizesmomenta

pj =
@L
@_qj

3. Usethe above to solve for _qj = _qj (qi ; pi ; t).
4. Insert the above into L to expressit asL(qi ; pi ; t).
5. Constructthe Hamiltonian

H (pi ; qi ; t) =
X

j

pj _qj � L (qi ; pi ; t)

6. Get Hamilton'sEqn's:

_qj =
@H
@pj

_pj = �
@H
@qj

7. solve, if possible
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Example 7.11

UseHamilton'seqn'sto solve for the motionof a particleof massm
that is subject to a spring{forceF = � kr
whileconstrainedto move on a cylinderof radiusR.

Fig. 7{9.

1. obtainL = T � U:

U =
1
2
kr 2 =

1
2
k(x2 + y2 + z2)

How is U a�ectedby the constraint?

) x2 + y2 = R2 soU = 1
2k(R2 + z2).

The particle'sKE in cylindricalcoordinatesis

T =
1
2
m( _r 2 + r 2 _� 2 + _z2)

How doesthe constraint alter T?
) r = R and _r = 0 soT = 1

2m(R2 _� 2 + _z2).
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and L = T � U =
1
2
m(R2 _� 2 + _z2) �

1
2
k(R2 + z2)

2. get the generalizedmomenta:

p� =
@L

@_�
= mR2 _� = angularmomentum

pz =
@L
@_z

= m _z = verticalmomentum

3. solve for the generalizedvelocities _qi :

_� =
p�

mR2

and _z =
pz

m

4. Write L = L(qi ; pi ; t):

L =
p2

�

2mR2 +
p2

z

2m
�

1
2
k(R2 + z2)

5. ConstructH :

H (pi ; qi ; t) =
X

j

pj _qj � L (qi ; pi ; t) = p�
_� + pz _z � L(qi ; pi ; t)

=
p2

�

2mR2 +
p2

z

2m
+

1
2
k(R2 + z2)
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6. Get Hamilton'sEqn's:

_qj =
@H
@pj

and _pj = �
@H
@qj

so _� =
@H
@p�

=
p�

mR2 and _z =
@H
@pz

=
pz

m

while _p� = �
@H
@�

= 0 ) angularmomentum is conserved

and _pz = �
@H
@z

= � kz

7. Solve for the motion.

Sincep� = constant, the particlerevolves
with a constant angularvelocity _� = p� =mR2 ) � (t) = _� t.

The equationsfor the verticalmotionsis that of a SHO:

•z =
_pz

m
= �

k
m

z = � ! 2
0z

so z(t) = A cos! 0t
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H conservation

Recallthat L = L(qi ; _qi ; t). Thusby the ChainRule,
dL
dt

=
X

j

�
@L
@qj

_qj +
@L
@_qj

•qj

�
+

@L
@t

but the Lagrangeeqn' is
@L
@qj

=
d
dt

@L
@_qj

so
dL
dt

=
X

j

�
_qj

d
dt

@L
@_qj

+
@L
@_qj

•qj

�
+

@L
@t

=
X

j

d
dt

�
_qj

@L
@_qj

�
+

@L
@t

but
@L
@_qj

= pj

so
X

j

d
dt

( _qj pj � L ) =
d
dt

X

j

( _qj pj � L ) =
dH
dt

= �
@L
@t

thus if L is independent of t ) H is conserved

when does H = E?

Next, show that H = E undercertain circumstances:

now suppose
@L
@t

= 0

and U = U(qi ) ie, U is independent of t and _qi

what kind of systemis this?
Alsoassumethat T is a quadratic functionof the _q's:

T( _qi ) =
NX

j =1

NX

k=1

aj;k _qj _qk whereaj;k = ak;j

Examplesinclude:

T =
1
2
m( _x2 + _y2 + _y2) in Cartesiancoord's

or T =
1
2
m( _r 2 + r 2 _� 2 + r 2 sin2 � _� 2) in sphericalcoord's
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Is T = 1
2m( _x2 + _x _y + v _z) quadraticin the generalizedvelocities?

Now show that H = E in this case:

since H =
NX

i=1

pi _qi � L

=
NX

i=1

@L
@_qi

_qi � T + U

=
NX

i=1

@T
@_qi

_qi � T + U

Now calculate

@T
@_qi

=
NX

j =1

NX

k=1

aj;k
@

@_qi
_qj _qk

=
NX

j =1

NX

k=1

aj;k (� i;j _qk + _qj � k;i )

=
NX

k=1

ai;k _qk +
NX

j =1

aj;i _qj = 2
NX

k=1

ai;k _qk sinceaj;i = ai;j

consequently,
NX

i=1

@T
@_qi

_qi = 2
NX

i=1

NX

k=1

ai;k _qi _qk = 2T

andthus H = 2T � T + U = E
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To summarize:
When(i. ) @L=@t = 0 ) H = constant

But when(i. ) @L=@t = 0
and (ii. ) U = U(qi )
and (iii. ) T =

P
j;k aj;k _qj _qk ) H = E = constant

Whenconditionsi., ii. , and iii. hold, you canreadilyobtain the system's
HamiltonianH by simplywriting down the systemenergyE.

Justmakesurethat E is written asa functionof the p's andq's ratherthan
the q's and _q's|y ou still have to eliminatethe _q's in favor of the p's.

Nonetheless,usingH = E to constructthe Hamiltoniancanbe a bit easier
than usingthe formalde�nition of H =

P
i pi _qi � L .

Cyclic coordinates

The pair (qk; pk) arecalledcanonical conjugates

andthe transformationfrom
L(qi ; _qi ; t) ! H (qi ; pi ; t) is a canonical transformation.

A coordinateqk that doesnot appearin L or H is saidto be cyclic.

Cycliccoordinatesareespeciallyhandyin Hamilton'seqn'ssince

_pj = �
@H
@qj

= 0

) the momenta of cycliccoordinatesareconstants of the motion.
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Problem 7{28

A particleof massm movesin the central force{�eld F (r ) = � k=r2.
What arethe HamiltonEOM?

What coordinatesystemshouldI use?

The PE for this systemis U(r ) = � k=r, which recoversF = � @U=@r .

What is the KE in this coordinatesystem?

The Lagrangianis

L = T � U =
1
2
m( _r 2 + r 2 _� 2) +

k
r

Sothe system'smomenta are

pr =
@L
@_r

= m _r so _r =
pr

m

and p� =
@L

@_�
= mr 2 _� so _� =

p�

mr 2

CanwesimplyuseH = E = T + U to constructthe system'sHamiltonian?

What 3 conditionsmust be met?

(i) is @L=@t = 0?

(ii ) is the systemconservative, ie, is U = U(qi )?

(iii ) is T quadraticin the _qi 's?
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consequently, we canuse H = T + U =
p2

r

2m
+

p2
�

2mr 2 �
k
r

Hamilton'sEOM are

_qj =
@H
@pj

so _r =
@H
@pr

=
pr

m

and _� =
@H
@p�

=
p�

mr 2 which we alreadyknew...

and _pj = �
@H
@qj

so _pr = �
@H
@r

=
p2

�

mr 3 �
k
r 2

and _p� = �
@H
@�

= 0

Which coordinateis cyclic?What quantit y is thenconserved?

Notethat theseresultsareconsistent with our earlierresultsfor the 2{body
problem,upon replacingm ! � andk ! G(m1 + m2):

p� = mr 2 _� = angularmomentum ` in Chapter8

alsonotethat •r =
_pr

m
=

p2
�

m2r 3 �
k=m
r 2

which is the eqn'for m's radialacceleration,
which we derivedearlieron page26of Chapter8.
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