
Lecture Notes for PHY 405
Classical Mec hanics

From Thorton & Marion'sClassical Mechanics

Preparedby
Dr. JosephM. Hahn

Saint Mary's University
Department of Astronomy & Physics

September 23, 2005

Chapters 5 (Gra vit y) and 8 (Cen tral{F orce Motion)

Gra vit y

Newton'slaw of gravity (Principia,1687):

forceon point massm F = �
GM 0m

r 2 êr dueto massM 0

where êr = unit vectorpointing from sourcemassM'

to targetmassm

Fig. 5-1
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but notethat êr = r̂ =
r � r 0

jr � r 0j

so F(r ) = �
GM 0m(r � r 0)

jr � r 0j3

which is the notationI prefer|its lessproneto signerrors.

What if M 0 wasnot a point mass,
but an extendedbody having volumeV 0 anddensity � (r 0)?

then M 0 ) � (r 0)dV0

dF = �
Gm(r � r 0)� (r 0)dV0

jr � r 0j3
= di�erential forcedueto � (r 0)dV0

so F(r ) = � Gm
Z

V0

� (r 0)(r � r 0)
jr � r 0j3

dV0= total forceon m dueto M 0

Gravitational �eld g = F=m = accelerationexperiencedby m dueto M':

g(r ) = � G
Z

V0

� (r 0)(r � r 0)
jr � r 0j3

dV0

Notethat massm canbe zero.
In this case,the EOM for this masslesstest particleis •r = g.

Keepin mind that r = �eld point (the point wherewe arecalculatingg)
andr 0= sourcepoint (spot of mass�dV 0 that contributesgrav' forcedF).
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Gra vitational poten tial �( r )

The gravitational �eld createdby sourcemassof density � (r 0) is:

g(r ) = � G
Z

V0

� (r 0)(r � r 0)
jr � r 0j3

dV0

notethat
r � r 0

jr � r 0j3
= �r r

�
1

jr � r 0j

�

wherer r = gradient operatorthat actson vectorr = xx̂ + yŷ + zẑ,
andnot on vectorr 0= x 0̂x + y0̂y + z0̂z, which is treatedasa constant:

r r =
@

@x
x̂ +

@
@y

ŷ +
@
@z

ẑ in Cartesiancoord's

and jr � r 0j = [(x � x0)2 + (y � y0)2 + (z � z0)2]1=2

soRHS = �r r [� � � ]� 1=2

=
1
2
[� � � ]� 3=2[2(x � x0)x̂ + 2(y � y0)ŷ + 2(z � z0)ẑ]

=
r � r 0

jr � r 0j3
p
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Thusthe gravitational �eld canbe written

g = G
Z

V0
� (r 0)r r

�
1

jr � r 0j

�
dV0

= r rG
Z

V0

� (r 0)dV0

jr � r 0j
� �r �( r )

where �( r ) = � G
Z

V0

� (r 0)dV0

jr � r 0j
= grav' potential of object V 0

Notethat if the sourceis a point massM 0 at the origin (r 0= 0),
then r is exteriorto V 0 and

�( r ) = �
G
r

Z

V0
� (r 0)dV0= �

GM 0

r
;

which is the familiar potential for a point mass.

Work and energy

Now calculatethe work W that must be doneto move a massm thru a
gravitational �eld g:

Thedi�erential work dW that anoutsideagentmust do to movem a small
distancedr in a grav' �eld g is

dW = � F � dr = � mg � dr = +m(r �) � dr

where� = �( r ) = �( x; y; z), and the � signaccounts for the fact that the
outsideagentis doingthe work.

so dW = m
�

@�
@x

x̂ +
@�
@y

ŷ +
@�
@z

ẑ+
�

� (dxx̂ + dyŷ + dzẑ)

= m
X

i

@�
@x i

dxi = md�
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sothe total work doneto deliver m from positionr 1 to r s is

W = m
Z r 2

r 1

d� = m(� 2 � � 1)

Start the particlefar away, ie jr 1j = 1 ,
which is alsoa convenient referencepoint at which to setpotential to zero:
� 1 = �( r 1) = 0 ) W = m�( r ),

which is the work W that the outsideagent must do to deliver m
thru a gravity �eld from 1 to r

) W = m's potential energyU

U(r ) = m�( r )

From which we recover

F = �r U = � mr � = forceon m dueto gravity �eld

or g = F=m = �r �
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Example 5.2: Poten tial of a shell

Calculatethe gravitational potential �( R) and �eld g(R) of a shellhaving
inner,outerradii b;a anduniformdensity � .

Fig. 5{3

Get � by direct integration(this is the laboriousmethod...)

�( R) = � G
Z

V0

�dV 0

r
where r 2 = r 02 + R2 � 2Rr 0cos� 0

note R = distanceof �eld point P, r 0= distanceof sourcemass�dV 0

and dV0 = r 02 sin� 0d� 0d� 0dr0= smalldi�erential volume

(seeFig. F{4 andEqn.F-16)
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Fig. F{4

so �( R) = � G
Z a

b
�r 02dr0

Z 2�

0
d� 0

Z �

0

sin� 0d� 0

p
r 02 + R2 � 2Rr 0cos� 0

= �
2� G
R

Z a

b
�r 02dr0

Z �

0

sin� 0d� 0

p
1+ � 2 � 2� cos� 0

where� �
r 0

R

= �
2� G
R

Z a

b
�r 02dr0

Z (1+ � )2

(1� � )2

u� 1=2du
2�

whereu = 1+ � 2 � 2� cos� 0 and du = 2� sin�

notethat the right integral =
u1=2

�

�
�
�
�

(1+ � )2

(1� � )2

=
1
�

(j1+ � j � j1 � � j)

=
�

2 � < 1 or r 0< R
2
� = 2R

r 0 � > 1 or r 0> R
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Sothe potential exteriorto the shellis

�( R > a) = �
G
R

Z a

b
4� �r 02dr0= �

GM
R

asexpected

since M =
Z a

b
4� �r 02dr0= shell'stotal mass

And the potential in the innercavity at r < b is

�( R < b) = � 4� G
Z a

b
�r 0dr0= � 2� G� (a2 � b2)

= a constant

While the potential insidethe shellis

�( b< R < a) = �
4� G�

R

� Z R

b
r 02dr0+

Z a

R
Rr 0dr0

�

= �
4� G�

R

�
1
3
(R3 � b3) +

1
2
R(a2 � R2)

�

= � 4� G�
�

a2

2
�

b3

3R
�

R2

6

�

The gravitational accelerationis

g = �r � = �
@�
@r

r̂

where g = �
@�
@R

=

8
><

>:

0 R < b

� 4�
3 G�

�
R � b3

R2

�
b< R < a

� GM
R2 R > a

Notethat potential �( R) is continuous,while the accelerationg(R) is not.
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Fig. 5-4

Notethat this alsorecoversa familiar result:
the interior of shellof uniformdensity � hasa constant potential � andzero
gravitational acceleration,g = 0.

You've alreadyobtainedthis sameresult in your previousstudies
of the Coulomb forcelaw F = qQr̂=4� � 0r 2:
the electrostatic�eld insidea shellis E = 0,
while its electrostaticpotential = constant.
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Gauss' Law

Calculatethe gravitational 
ux  thru
an arbitrary surfaceS dueto massm:

Fig. 5-7

Placeoriginat m. The gravitational 
ux thru S is

 �
Z

S
g � n̂da

n̂ = unit vectornormalto areada

g = �
Gmr

r 3

and g � n̂ = �
Gm cos�

r 2

but d
 = dacos� =r2 = solidanglethat areada subtends

so  = � Gm
Z

S
d
 ( what does

Z

S
d
 =?

so  = � 4� Gm for an enclosedmassm
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If S enclosesmultiple masses
P

i mi , then
Z

S
g � n̂da = � 4� G

X

i

mi = � 4� GMenclosed

whereM enclosed is the total massenclosedby areaS.

This is known asGauss'Law.

As we shallsee,the applicationof Gauss'Law to problemsthat have a high
degreeof symmetrycanmake problem-solvinga lot easier.

Fig. 5{3

Poten tial of a shell, again

Redo Example 5.1|use Gauss' law to calculatethe sphere'sg(R) and
�( R);this is the easysolution.

Z

S
g � n̂da = � 4� GM enclosed

What kind of surfaceS shouldwe use?What will be mostconvenient?

ChoseS to be sphereof areaA = 4� R2.
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Notethat the �eld point P sitson the sphere,andthat g � n̂ = g(R), so
Z

S
g � n̂da = g(R)A = � 4� GM enclosed

so g(R) = �
GMenclosed(R)

R2

=

8
<

:

0 R < b
� 4� G�

3R2 (R3 � b3) b < R < a
� GM

R2 R > a

which recoversour earlieranswer.

The potential �( R) is theneasilycomputedfrom g = �r � ,
so�( R) = �

RR g(R0)dR0.

) Problemswith a high degreeof symmetry (eg, spherical,cylindrical,
planar symmetry, etc) can at times obey g � n̂ = � g. In this instance,
Gauss'law canthen be usedto calculateg without doingany brute{force
integrations.
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Another example|an in�nite wire

What is the gravitational �eld g for an in�nitely long thin wire having a
mass{per{length� ? What is the wire'spotential �? If a particleis released
from a distancer0 away from the wire,how longuntil it hits the wire?

UseGauss'Law to obtaing:

 =
Z

S
g � n̂da = � 4� GM enclosed

What GaussiansurfaceS shouldwe use?

Usea cylinderof radiusr and length`.
Sinceg points radial to the wire,g � n̂ = g(r ).

Do the endsof the cylindercontribute to  ?

 =
Z

S
g � n̂da = gA = � 4� GM enclosed = � 4� G�`

where A = 2� r `

so g(r ) = �
2G�

r
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The wire'sgravitational potential is obtainedfrom g = � @� =@r so

�( r ) = �
Z r

r r ef

g(r 0)dr0=
Z r

r r ef

2G�dr 0

r 0 = 2G� ln(r=rr ef )

What is an appropriatevaluefor the referencedistancer r ef ?

We will usethe particle'sinitial distancer 0

(but we couldhave usedany distance).

Now �nd the time requiredfor a particlestartinga distancer 0 away
to fall onto the wire.

The EOF accordingto NII is g = •r = � 2G�=r .
How do you solve this?

An alternateapproach is to usethe system'stotal energy:

E = T + U

where T =
1
2
mv2

and U = m� = 2Gm� ln(r=r0)

Is E conserved?What is the particle'sinitial E?

E = 0 ) v2 = (dr=dt)2 = � 4G� ln(r=r0)

so
dr
dt

= �
p

� 4G� ln(r=r0)

Which signshouldwe use?
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dr
p

� ln(r=r0)
= �

p
4G�dt

so
Z 0

r0

dr0

p
� ln(r 0=r0)

= r0

Z 0

1

du
p

� ln(u)
= �

Z t

0

p
4G�dt 0

the LHS is (E.19b) = � r0�(1 =2) = �
p

� r0;
whileRHSis = �

p
4G�t

) t =

r
� r 2

0

4G�

is the time for the particleto fall onto the wire.

Problem Set #3
due Tuesday Octob er 18

at start of class

Problem1 (below) + text problems5{5, 5{9, 8{3, 8{6, & 8{12

Problem1: A gaseouscylinderhasan in�nite length,radiusR, and a con-
stant density � . Calculatethe cylinder'sgravitational potential �( r ) and
its gravitational accelerationg(r ) at all distancesr from the cylinder'slong
axis(ie, for r � R and r < R). A masslessparticleis releasedfrom resta
distancer > R from the cylinder'scenter. How much time is requiredfor
the particleto passthroughthe cylinder'scenter? Assumethe particlecan
travel throughthe gaseouscylinderwith no resistance.
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Poisson's Eqn.

Recalldivergencetheoremfrom PHY 335,alsoknown asGauss'Theorem:
Z

S
A � da =

Z

V
r � A dV Eq. (1.130)

where da = n̂da

Fig. 1{23

Accordingto the divergencetheorem,Gauss'Law is

 =
Z

S
g � n̂da = � 4� GM enclosed

so  =
Z

V
r � gdV = � 4� GM enclosed

but g = �r � andM enclosed =
Z

V
�dV

so  = �
Z

V
r 2� dV = � 4� G

Z

V
�dV

so
Z

V
(r 2� � 4� G� )dV = 0

Notethat the volumeV is arbitrary.
What doesthat tell usabout the integrand?

) r 2� = 4� G� which is Poisson'sequation
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This equationis very usefulin astrophysicalproblems.

Supposeyou know how the matter in your systemis distributed,ie, � (r ).
Then you can try to solve Poisson'seqn' for the system'spotential �( r ),
which thenyieldsthe gravitational �eld g(r ) = �r �.
Thenyou cantry to solve NII, •r = g(r )
to seehow your systemevolvesover time.
This approach is oftendi�cult to do by hand,
but canbe implemented on a computervia a hydrodynamiccode.

If, however, you are interestedin the motion of masslesstest particlesthat
areperturbedby someexternalgravitational forcesdescribedby �( r ), then
� (r ) = 0 andPoisson'seqn'becomesthe Laplaceeqn:r 2� = 0.

We won't actuallyusePoisson& Laplaceeqn'sin this class,
but you will seeit againin your electrodynamicsclass,as well as in grad
school.
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Of course,theseprecedingequationsalso occur in electrodynamicssince
Newton'sLaw of gravity hasthe sameform asthe Coulomb forcelaw:

FG = �
Gm1m2

r 2 ! FC = +
q1q2

4� � 0r 2

soreplaceG ! � 1=4� � 0 if you want to applyour resultsto electrostatics.

In this case,interpret massdensity � asthe chargedensity,
andreplacethe gravity �eld g ! E with the electric�eld.
thenyou recover Gauss'eqn.for the electric�eld.

Poisson'seqn' is

r 2� = �r � g = 4� G�;

! r � E = �=� 0

which is Gauss'eqn'for the electric�eld E.

Evidently, your earlierstudiesof electrodynamicscan alsobe regardedas
a a �rst coursein celestialmechanics,sincethe solutionsobtainedin E&M
classoftenapply to gravitating systems.

Exam #1
Tuesday Octob er 25

on text chapters2, 3, 5, & 8, andProblemSets1-3
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The 2{Bo dy Problem & Central Force motion

The following discussionis drawn from Chap 8. Thesenotes will use
Newton'sLaws to solve the 2{body problem,while the text starts with
the Lagrange'seqn's. Although the problemis attacked using di�erent
equations,the resultingsolutionswill be the same.

Consider2 gravitating point massesm1 andm2 at positionsr 1 andr 1:

The EOM are

m1•r 1 = �
Gm1m2(r 1 � r 2)

jr 1 � r 2j3
and m2•r 2 = �

Gm2m1(r 2 � r 1)
jr 1 � r 2j3

so •r 1 = +
Gm2(r 2 � r 1)

jr 2 � r 1j3
and •r 2 = �

Gm1(r 2 � r 1)
jr 2 � r 1j3

I will adoptthe convention that m1 > m2,
andwill oftencall m1 the primary object andm2 the secondary.

If we wereconsideringthe motionof a simplestar{planetsystem,
then the primary m1 wouldbe the star andm2 the planet.

However our resultswill alsoapply to any 2{body system,likea binarystar
system,or a galaxythat is orbitedby a satellitegalaxy, etc.
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Usuallywe areinterestedin the motionof the secondarym2

(which might be a planet),whosecoordinatesrelatedto the primary are

r = r 2 � r 1

so •r = •r 2 � •r 1 = �
G(m1 + m2)r

jr j3

This is the EOM for the relative coordinater .

Whereis the originof the relative coordinatesystem?

Is this coordinatesysteminertial?

Notealsothat the above EOM canbe written as

•r = �r � 0(r ) where � 0= �
G(m1 + m2)

r
resemblesa gravitational potential.
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The reduced mass

The above EOM for 2 bodiescanbe recast
sothat it resemblesa 1{body problem:

Recallthat the primary'sgravitational potential is � 1(r ) = � Gm1=r.

Next, addthe secondarym2 to the problem.
The system'stotal PE is thenU(r ) = m2� 1 = � Gm1m2=r.

The reducedmassfor this systemis

� =
m1m2

m1 + m2

notethat � < m1 andm2.

Multiply the EOM by � :

� •r = �r
�

�
Gm1m2

r

�
= �r U(r )

) the EOM for the relative motionof 2 bodiescanbe written like the
EOM for a singleparticleof mass� asit movesabout the
central{force{�eld F = �r U(r ) = � Gm1m2̂r=r2.
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Angular momen tum conservation

Recallthe EOM

•r = �
G(m1 + m2)r

jr j3

andnotethat

r � •r =
d
dt

(r � _r ) = 0

This tells us that the motionof m1 and m2 is always con�nedto the same
plane.Why?

Fig. 8{2.

For a particlehaving the reducedmass� ,
the system'slinearmomentum is p = � _r ,
and its angularmomentum is L = r � p = � r � _r .

Notethat L is conserved.
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The EOM

Sincem1 andm2 arealwayscoplanar,what coordinatesystemshouldI use?

The EOM is

•r = �
G(m1 + m2)

r 2 r̂

where r = r r̂

and _r =
d
dt

(r r̂ ) = _r r̂ + r
d̂r
dt

= _r r̂ + r _� �̂ (seeSection1.14)

and •r = (•r � r _� 2)r̂ +
1
r

d
dt

(r 2 _� ) = �
G(m1 + m2)

r 2 r̂

Separateinto radial andtangential components:

r̂ : •r � r _� 2 = �
G(m1 + m2)

r 2

�̂ :
d
dt

(r 2 _� ) = 0

The latter is simplyangularmomentum conservation:

dL
dt

=
d
dt

(� r � _r ) =
d
dt

� [r r̂ � ( _r r̂ + r _� �̂ )] =
d
dt

(�r 2 _� r̂ � �̂ ) =
d
dt

(�r 2 _� ẑ) = 0

We usuallyde�ne ` = jL j = �r 2 _� = system'sconstant angularmomentum.
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Kepler's Law's of Planetary Motion

TychoBrahe& JohannesKeplermadeextensiveobservationsof themotions
of the planetduringlate1500's,andin 1609Keplershowedthat themotions
of the planetsobeyed3 empiricallaws:

1. planetstravel on ellipseswith the Sunat onefocus.

2. a planet'spositionvectorr sweepsout equalareasin equaltimes.

3. (P=1 yr)2 = (a=1 AU)3.

Newtonshowedthat Kepler'slawsarea consequenceof his
lawsof motion+ law of gravity (Principia,1687).

For instance,the 2ndlaw is a consequenceof L conservation:

Fig. 8{3.

Radiusvectorr sweepsout angled� in short time dt, so

the areaswept is dA =
1
2
r 2d�

so
dA
dt

=
1
2
r 2 _�

but _� =
`

�r 2 so
dA
dt

=
`

2�
= constant

which is Kepler's2nd law (equalareasin equaltimes)
and is a consequenceof ` conservation.
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The e�ectiv e poten tial V

The radialpart of the EOM is

•r = r _� 2 �
G(m1 + m2)

r 2

And since _� = `=�r 2, the correspondingversionof NII for the equivalent
particlehaving the reducedmass� = m1m2=(m1 + m2) is

� •r =
`2

�r 3 �
Gm1m2

r 2 =
`2

�r 3 �
@U
@r

whereU = �
Gm1m2

r
= PE

= �
@V
@r

and V(r ) =
`2

2�r 2 + U =
`2

2�r 2 �
Gm1m2

r

is the system'se�ective potential energy.

A consequenceof any systemhaving a nonzeroangularmomentum ` is that
the particleappearsto su�er an additionalrepulsive `force'

� Fcent = �
@
@r

�
`2

2�r 2

�
=

`2

�r 3

Fig. 8{5.
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What valueof energyE = T + V correspondsto a bound2{body system?

What about an unboundsystem?

Keepin mind that this �ctitious forcethat is just the centrifugal force.

If m2 whereto hit m1,
what doesthis tell usabout the system'sangularmomentum `?

Solve the radial EOM

•r = r _� 2 �
G(m1 + m2)

r 2 =
`2

� 2r 3 �
G(m1 + m2)

r 2

What is the solutionto this equation?

Assumethat the solutionr (t) canbe written asr = r (� ) where� = � (t).

Thenseeka solutionof the form u(r ) = 1
r (� (t)) :

so _r =
dr
dt

=
dr
du

du
dt

=
dr
du

du
d�

d�
dt

recall ` = �r 2 _� and r =
1
u

so _r = �
1
u2

du
d�

`
�r 2 = �

`
�

du
d�

and •r = �
`
�

d
dt

�
du
d�

�
= �

`
�

d2u
d� 2

d�
dt

= �
`2

� 2u2d2u
d� 2

=
`2

� 2u3 � ku2 where k = G(m1 + m2)

sothe EOM is
d2u
d� 2 + u =

1
�

where
1
�

=
k� 2

`2 = constant
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We have seenthis type of EOM before|what is its solution?

Comparethis to theEOM for aSHOthat isdrivenby aconstant acceleration
a: •x + ! 2

0x = a, which hassolutionx(t) = A cos(! 0t) + a=! 2
0.

Sowhat is the solutionu(� )?

u(� ) = A cos� +
1
�

so r (� ) =
1
u

=
1

A cos� + 1=�

And if we setA = e=� then

r (� ) =
�

1+ ecos�
This is the equationfor an ellipsewhen0 � e < 1.

Fig. 8{8.
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If we de�ne the lengthof the ellipse'slongaxis= 2a, then

2a = r (0) + r (� ) =
�

1+ e
+

�
1 � e

=
2�

1 � e2

so � = a(1 � e2)

and r (� ) =
a(1 � e2)
1+ ecos�

We just recoveredKepler's1st Law:
Planetsmove in ellipticalorbits with the Sunat onefocus.

E and `

The system'stotal angularmomentum ` is obtainedfrom

`2 = � k� 2 where k = G(m1 + m2)

so ` = �
p

G(m1 + m2)a(1 � e2)

The total energyE is

E = T + U =
1
2
� ( _r 2 + r 2 _� 2) �

Gm1m2

r
=

1
2
� _r 2 +

`2

2�r 2 �
Gm1m2

r
= const'

SinceE is constant, we canevaluateit anywherein m2's orbit.
Choosea convenient time|what is r at that moment? _r?

At periapse(ie, smallestseparation),� = 0, r (� ) = a(1 � e), and _r = 0:

) E =
� 2G(m1 + m2)a(1 � e2)

2�a 2(1 � e)2 �
Gm1m2

a(1 � e)

=
Gm1m2

a(1 � e)

�
1 � e2

2(1� e)
� 1

�

=
Gm1m2

a(1 � e)

�
1
2
(1 + e) � 1

�

= �
Gm1m2

2a
= total energy
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The generalsolutionto the two{body problemare
conic sections ie, the intersectionof a planeanda cone:

Tilting the planeincreasesthe orbits' eccentricity e:

e = 0 circularorbit a > 0 & E < 0 boundorbit

0 < e < 1 elliptic orbit a > 0 & E < 0 boundorbit
e = 1 parabolic orbit r (0) = q & E = 0 Torbit ! 1

e > 1 hyperbolic orbit a < 0 & E > 0 unbound; E =
1
2
mv2

1

The shape of an orbit is determinedby two parameters:
a = semimajor axis� meandistance
e = eccentricity � measureof how non{circularthe orbit is.
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Kepler's 3rd Law

Notethat the areaof an ellipseis A = � ab=, where
a = ellipse'ssemimajor axisandb = a

p
1 � e2 = semiminoraxis.

Now calculatethe orbital period T:
Recallthat the radiusvectorr sweepsacrossan areaat the rate

dA
dt

=
`

2�

so
Z T

0

dA
dt0

dt0 = A = � a2
p

1 � e2 =
`T
2�

where ` = �
p

G(m1 + m2)a(1 � e2) = ang'mom'

so T =
2� a2�

p
1 � e2

�
p

G(m1 + m2)a(1 � e2)
= 2�

s
a3

G(m1 + m2)

For a planetarysystem,the primary m1 � m2 so
T /

p
a3=m1, which is Kepler'sthird law.
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