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Gravity

Newton'slaw of gravity (Principia, 1687):

GM I

forceon point massm F = - &, dueto massM ®

where &, = unit vectorpointing from sourcenassvI'
to targetmassm

Fig. 5-1



r r°
but notethat &, = = -
jr g
GMM(r r9
jrorg3

whid is the notation| prefer|its lessproneto signerrors.

so F(r) =

What if M ®wasnot a point mass,
but an extendedody having volumeV°anddensiy (r9?

then M%)  (r9dv®

0
dF = Gm(rjr r?qg%\/ = di erential forcedueto (r9dv®°
Z

(rr 19

vo jrorg3

so F(r) = Gm dv®=total forceon m dueto M ©

Gravitational eld g = F=m = acceleratiomxperiencedy m dueto M".

Z
GO o

vo jrrg3

a(r) = dv®

Notethat massm canbe zero.
In this casethe EOM for this masslestest particleis¢ = g.

Keepin mindthat r = eld poirt (the point wherewe are calculatingg)
andr®= sourcepoint (spot of massdV °that cortributesgrav' forcedF).
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Gravitational potential ( r)

The gravitational eld createdoy sourcemassof densiy (r9 is:

Z
_ 9 9. o
g(r) = G oTir T dv
notethat rr = r !
jrorgs "o

wherer , = gradiem operatorthat actsonvectorr = x% + y¢ + z2,
andnot onvectorr®= x® + y& + z%, whid is treatedasa constaift

rr = §k+ @@9+ gz in Cartesiancoord's
and jr ] = [(x xP+(y ¥+ (@z 277
SORHS = r [ 1%
= 0 1726 Or+ 2y Y92z 29
r % p

jroorge



Thusthe gravitational eEI canbe written

= G rOr - dv?®
(r9dve
=r ,G .
vojr g
r ﬁr)
(r9dv?° , . . 0
where (r) = G TET = grav' potertial of objectV
vO

Notethat if the sources a point massM ©at the origin (r°= 0),
thenr is exteriorto VPand
G 0 GM?O
(r)= — (r9dv®= —;
r vO r
whid is the familiar potertial for a point mass.

Work and energy

Now calculatethe work W that must be doneto move a massm thru a
gravitational eld g:

Thedi erential work dW that anoutsideagentmustdoto move m asmall
distancedr in agra/' eld g is

dW= F dr = mg dr=+m(r ) dr
where = (r)= ( X;y;z), andthe signaccouts for the fact that the
outside agentis doingthe work.

@ @ @
dw = —R
SO m + —¢9+ @

x@ @
= m %dxizmd

2+  (dxR + dy§ + dz2)




sothe total work doneto deliver m from positionr, to rg is

W = m d =m( » 1)

ra

Start the particlefar away, iejr,j = 1 ,
whid is alsoa corvenien referenceoirt at whid to setpotertial to zero:
1= (r1)=0) W=m(r),

whid is the work W that the outsideageh must doto deliver m
thru a gravity eld from1l tor

) W = m'spotenial energyU
u@r) = m(r)

From which we recwer

F r U= mr = forceonm dueto gravity eld

or g = F=m=rr



Example 5.2: Potential of a shell

Calculatethe gravitational potertial ( R) and eld g(R) of a shellhaving
inner,outerradii b;a and uniformdensiy

Fig. 5{3

Get by directint%gration(this is the laboriousmethal...)

dv ©
( R) = G -
vO I
where r?2 = r2+ R? 2Rr%os
note R = distanceof eld point P, r%= distanceof sourcenassdV °

and dVv°® = r®sin Y4 4 Yr°= smalldi erential volume

(seeFig. F{4 andEqn.F-16)



Spherical coordinates:
dv = 1> sin @ dr df d¢

rsin 6

d
4 dr

da=+*sin 0 do do

aw0

rsin @ do
g rd@

¢
Fig. F{4
Z , Z, Z .
sin Y ©
so (Ry= G r%r® d° p
b 7 07 o I+ R2 2Rr0cos?©
2G % 5.0 sin 4 ©
= —— roa P where
R _p o 1+ 2 2 cos®
2 GZ a 1+ ) 124y
= — r @dr
R b 1 )2 2
whereu = 1+ 2 2 cos? and du= 2 sin
u]_:2 (1+ )2
notethat theright integral = —
1 )?
= —(@1+ j j1 )
_ 2 <lorr°< R
S 2= > lorr®> R



Sothe potertial exteriorto the shellis
G Za

(R>a): —
zR b

GM
4 r ®dri= = asexpected

since M = 4 r @dr°= shell'stotal mass
b

And the potertial in the innercavity atr < bis
Z a

(R<b = 4G r%'= 2G (@ b
b
= aconstah

While the potertial insidethe shellis

4G %R Za
(b<R<a = — r@r’+  Rr4%r®
R b R
4G 1 1
— e R3 + R 2 R2
= 3(R° D)+ R@ R)
a2 b R?
= 4 G -
2 3R 6
The gravitational acceleratioris
@
= 7 = =4
g s @
> 0 R<D
h - @ ‘G R Z b< R <
where g = R > T =2 a
. GM

®RE R>a

Notethat potertial ( R) is cortinuous,whilethe acceleratiog(R) is not.



Fig. 5-4

Notethat this alsorecaoersa familiar result:
the interior of shellof uniformdensiy hasa constan potertial andzero

gravitational accelerationg = O.

You've alreadyobtainedthis sameresultin your previousstudies
of the Coulonb forcelaw F = qQf=4 r?:

the electrostaticeld insidea shellis E = 0,

whileits electrostatigotertial = constah



Gauss' Law

Calculatethe gravitational ux  thru
an arbitrary surfaceS dueto massm:

Fig. 5-7
Placeoriginat m. The gravitational ux thru S is
Z
g hda
S -
A = unit vectornormalto areada
_ Gmr
g - r3
Gm cos
and g A = -

but d = dacosz=r2: solidanglethat aﬁeadasubtends
SO = Gm d ( whatdoes d =?

S S
SO = 4 Gm for anenclosednasam
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P
If S encloseswultiple masses ; m;, then
z X
g hda = 4G m; = 4 GMenciosed
S i

whereM ¢nciosed IS the total massenclosedby areasS.
This is knovn asGauss'Law.

As we shallseethe applicationof GaussLaw to problemghat have a high
degreef symmetrycanmake problem-solving lot easier.

Fig. 5{3

Potential of a shell, again

Redo Example5.1|use Gauss'law to calculatethe sphere'sg(R) and
( R);thisisthe easysglution.

g fhda = 4 GM enciosed
S

What kind of surfaceS shouldwe use?What will be mostcorvenien?

ChoseS to be sphereof areaA = 4 R2.
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Notethat the eld point P sitsonthe sphereandthat g A = g(R), so

Z
g fda = g(R)A - 4 GM enclosed
S
GM encloseo(R)
R) =

so g(R) a R2

< 0 R<Db
= %é—(R3 b?‘) b< R< a

' & R>a

whidh recawersour earlieransver.

The potertiaIR( R) istheneasilycomputedromg = r :
so(R)= " g(RYdR®

) Problemswith a high degreeof symmetry (eg, spherical,cylindrical,
planar symmetry etc) canat timesobeyg N = g. In this instance,
Gauss'law canthen be usedto calculateg without doingarny brute{force
integrations.
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Another examplelan innite wire

What is the gravitational eld g for an in nitely longthin wire having a
mass{er{length ? What is the wire'spotertial ? If a particleis released
from a distancery away from the wire, how longurtil it hits the wire?

UseGausslLaw to obtaing:
Z

- g fda = 4 GM enclosed
S

What GaussiarsurfaceS shouldwe use?

Usea cylinderof radiusr andlength".
Sinceg poirts radialto the wire,g H = g(r).

Do the endsof the cylindercortribute to  ?
Z

- g fda = 0A = 4 GMencosed= 4 G
S
where A = 2 r’

2G
so g = -
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The wire'sgravitational potertial is obtainedfromg= @ =@ so

Z r Z r
2G dr ©
(r) = g(r9dr= 5 = 26 In(r=rrer)

I'ref I'ref

What is an appropriatevaluefor the referencelistancer ¢ ?

We will usethe particle'sinitial distancerg
(but we couldhave usedary distance).

Now nd the time requiredfor a particlestarting a distancer o away
to fall orto the wire.

The EOF accordingo NIl isg=#= 2G =r.
How do you solhe this?

An alternateapproah is to usethe system'dotal energy:

E =T+ U
1
where T = émv2

and U = m =2Gm In(r=rp)

Is E consergd?What is the particle'sinitial E?

E=0) v? = (dr=dt)?= 4G In(r=ro)

SO ﬂ = P 4G In(r=rg)

Which signshouldwe use?
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dr P—

5
I

&
=

In(r=rg)
Zy 0 Zy Z _
dr du P 0
SO p = rg pPp—= 4G dt
o In(r %=ry) 1 |n(u)IO 0
the LHSis (E.19b) = [ (1=2)= "~ g
whileRHSis = .~ 4Gt
) 1= 8
4G

IS the time for the particleto fall orto the wire.

Problem Set #3
due Tuesday Octob er 18
at start of class

Probleml (below) + text problems{5, 5{9, 8{3, 8{6, & 8{12

Problem1: A gaseousylinderhasan in nite length,radiusR, anda con-
start densiy . Calculatethe cylinder'sgravitational potertial ( r) and
its gravitational acceleratiomg(r) at all distances fromthe cylinder'slong
axis(ie,forr R andr < R). A masslesparticleis releasedrom resta
distancer > R from the cylinder'scerter. Hov mudh time is requiredfor
the particleto passthroughthe cylinder'scener? Assumehe particlecan
travel throughthe gaseousylinderwith noresistance.
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Poisson's Eqgn.

Recalldivergenceéheoremfrom PHY 335,alsoknovn asGaussTheorem:
Z Z

A da = r AdV Eq.(1.130)
S \J
where da = Ada

Fig. 1{23

Accordingto the divergenceheorem,Gauss'Law is

Z
= g fAda= 4 GMencosed
7S
SO - r ng - 4 GM enclosed
v Z
bUt g = r and M enc|osed = dV
Z ZV
) = r2dv= 4G dVv
7 V Vv
SO r2 4G)v=0
\%

Notethat the volumeV is arbitrary.
What doesthat tell usabout the integrand?

) r? =4 G which is Poisson'squation
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This equationis very usefulin astroplysicalproblems.

Supmseyou know how the matter in your systemis distributed,ie, (r).
Then you cantry to sole Poisson'ssgn' for the system'spotertial ( r),
whid thenyieldsthe gravitational eld g(r) = r

Thenyou cantry to sohe NII, £ = g(r)

to seehow your systemewolvesover time.

This approab is oftendi cult to do by hand,

but canbe implemeted on a computervia a hydrodynamiccade.

If, hovever, you areinterestedin the motion of masslestest particlesthat
areperturbed by someexternalgravitational forcesdescriledby ( r), then
(r) = 0 and Poisson'sqn'becomeshe Laplaceegn:r > = 0.

We won't actuallyusePoisson& Laplaceeqgn'sin this class,

but you will seeit againin your electralynamicsclass,aswell asin grad
sdool.
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Of course,theseprecedingequationsalso occur in electralynamicssince
Newton'sLaw of gravity hasthe sameform asthe Coulonip forcelaw:

Gmam; ChCp
Fg = Il Fc=+
G r2 c 4 or?
soreplaceG ! 1=4 if youwart to applyour resultsto electrostatics.

In this casejnterpretmassdensiy asthe chargedensiy,
andreplacehe gravity eld g! E with the electric eld.
then you recaver Gauss'egn.for the electric eld.

Poisson'sqgn'is
r2 =r g=4G;
' r E = =9
whid is Gauss'eqn'for the electric eld E.
Evidertly, your earlierstudiesof electralynamicscan alsobe regardedas

a a rst coursan celestiaimedanics,sincethe solutionsobtainedin E&M
classoftenapplyto gravitating systems.

Exam #1
Tuesday Octob er 25
ontext chapters2, 3, 5, & 8, andProblemSetsl-3
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The 2{Bo dy Problem & Central Force motion

The following discussions dravn from Chap 8. Thesenoteswill use
Newton'sLaws to sole the 2{body problem,while the text starts with
the Lagrange'seqn's. Although the problemis attadked using di erent
equationsthe resultingsolutionswill be the same.

Consider2 gravitating point massesn; andm, at positionsr, andr:

The EOM are
Gmimy(ri  r2) Gmoms(rz 1)
mqf; = : . and mof, = . .
o i 13 e jri 18
Gmo(r r Gm(r r
S0 £, = + _2( 2 31) and ¥, = 1(r2 .31)
Jra 1) Jro 1)

| will adoptthe corvertion that m; > m,,
andwill oftencall m; the primary object and m, the secondary

If we wereconsideringhe motion of a simplestar{planetsystem,
thenthe primary m; would be the star and m, the planet.

Howe\er our resultswill alsoapplyto any 2{body system]ike a binary star
systemor a galaxythat is orbitedby a satellitegalaxy etc.
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Usuallywe areinterestedn the motion of the secondaryn,
(whidh might be a planet),whosecoordinatesrelatedto the primary are

G(my+ my)r
jrjs

This is the EOM for the relative coordinater .
Whereis the origin of the relative coordinatesystem?
Is this coordinatesysteminertial?

Note alsothat the above EOM canbe written as

+
f = r ) where °= G(mlr m2)

reserblesa gravitational potertial.
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The reduced mass

The above EOM for 2 bodiescanbe recast
sothat it reserblesa 1{body problem:

Recallthat the primary'sgravitational potertial is  1(r) = Gmgq=r.

Next, addthe secondaryn, to the problem.
The system'dotal PE isthenU(r) = m, 1= Gmimo=r.

The reducedmasdor this systemis

mymsy
B m; + mo
notethat < mq{andm,.
Multiply the EOM by
Gmim,

§F = 1 r =r U(r)

) the EOM for the relative motion of 2 bodiescanbe written like the
EOM for a singleparticleof mass asit movesabout the
cenral{force{eld F = r U(r)= Gmmat=r2.
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Angular momentum conservation

Recallthe EOM
G(m1+ my)r
jrj3

and notethat

d
r f—&(r r)==0

This tells us that the motion of m; and m, is always con nedto the same
plane.Why?

Fig. 8{2.

For a particlehaving the reducednass
the system'dinearmometumisp = r,
andits angularmometumisL =r p= r TI.

Notethat L is consergd.
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The EOM

Sincemy; andm, arealways coplanarwhat coordinatesystenshouldl use?

The EOM is

G(mq + mZ)’r\

f = (2

where r = rf
d af A :
and r = a(H*) =rp+ ra =rf+r_ (seeSectionl.14)

G(m1+ my)
f
(2

1d
— 2 2\ —
and ¢ = (» r_)/r\+—r—t(r )=

Separatento radialandtangemnial compners:

G(my1+ my)
(2

I'no

A T

AR d2 —
; &(r_)—o

The latter is simplyangularmometum conseration:
do d

_d AN doo aA_d oo
T=Cr n=S 10 @rerin=Sr2e N=S(r2=0

We usuallyde ne™ = jLj = r 2_= system'sonstah angularmomerum.
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Kepler's Law's of Planetary Motion

TycdhoBrahe& Johanne&eplermadeextensie obserationsofthe motions
of the planetduringlate 1500'sandin 160K eplershavedthat the motions
of the planetsobeyed 3 empiricallaws:

1. planetstravel on ellipsesvith the Sunat onefocus.

2. a planet'spositionvectorr sweepout equalareasn equaltimes.

3. (P=1yr)? = (a=1 AU)3.

Newtonshavedthat Kepler'slaws area consequena# his
laws of motion+ law of gravity (Principia,1687).

For instancethe 2ndlaw is a consequenas L conseration:

Fig. 8{3.
Radiusvectorr sweepsout angled in shorttime dt, so
the areasweptis dA = %rzd
SO A _ L.
dt 2
but _= — SO d—A: ;: constan
r2 dt 2

whid is Kepler's2" |law (equalareasn equaltimes)
andis a consequenad = conseration.
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The e ectiv e potential V

The radial part of the EOM is

+
o = 2 G(my + mp)

r2
And since —= “=r ?, the correspndingversionof NIl for the equialert
particlehaving the reducednass = mymy,=(m; + my) is
2. Gmim, 2 @ Gmims,
= = whereU = = PE
rs3 r2 r3s @ r
_—c
2@ 2. Gmm,
and V(r) = —+ U=
(r) 21 2 21 2 r

IS the system'se e ctive potential enemy.

A consequenad ary systemhaving a nonzerangularmomertum ° is that
the particleappearsto su er an additionalrepulsie force'

@ 2 2

Feent = @ ﬁ r

Fig. 8{5.
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What valueof energyE = T + V correspndsto a bound2{body system?
What about an unboundsystem?
Keepin mind that this ctitious forcethat is just the certrifugal force.

If m> whereto hit my,
what doesthis tell usabout the system'sangularmometum ~?

Solve the radial EOM

2 G(mg+ my) _ 2 G(my+ my)

b=t [2 23 r2

What is the solutionto this equation?
Assumethat the solutionr (t) canbe written asr = r( ) where = (t).

Then seeka solutionof the formu(r) = ﬁ:

dr _drdu _ drdud

SOL= Gt T qudt dug dt
recall >~ = r?_ and r = -
o = Ldu  _  du
—  u2d r?2 d
and p = ;E @ - ;dz_Ud_— EUZ@
- d¢t d = d2dt 2 d?2
2
= —u® ku® where k= G(mz+ my)
. d? 1 1 k2
sothe EOM is d_u+ u = — where —= — = constah

d 2 “2
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We have seerthis type of EOM before|what is its solution?

Comparehis to the EOM for a SHOthat isdrivenby a constah acceleration
a: x + ! §x = a, which hassolutionx(t) = A cog! ot) + a=!3.

Sowhatis the solutionu( )?

1
AcCos + —
1 1

u Acos + 1=

u()

so r()

And if wesetA = e= then

r = —
) 1+ ecos
This is the equationfor an ellipsewhen0 e< 1.

Fig. 8{8.
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If we de ne the lengthof the ellipse'dongaxis= 2a, then
N 2
+e 1 e 1 e

2a = r(0)+r( )= 1

so = a(l €
e?
and () = filecos?

We just recareredKepler's1st Law:
Planetsmove in elliptical orbits with the Sunat onefocus.

E and °
The system'dotal angularmomeitum ° is obtainedfrom

2= lﬁ 2 where k= G(my+ my)
so = = G(my+ mya(l €2

Thetotal energyk is

Gmims 1 2 T2 Gmims
= - r°+ = const’
r 2 — 2r? r
SinceE is constah we canewaluateit anywherein m,'s orbit.
Choosea corveniem time|lwhat isr at that momet? r?

1
E=T+U=2 (C+r°2

At periapsgie, smallesiseparation), = 0,r( )= a(l e), andr = O:
’G(mi+ mya(l &) Gmm,

E =
) 2a2(1 e)? a(l e

_ Gm1m2 1 e2 1

all e 21 e
Gmm, 1

= “(1+ 1
al o 2179
Gmlmz_

= total energy

2a
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The generakolutionto the two{body problemare
conic sections ie, the intersectionof a planeanda cone:

Tilting the planeincreasethe orbits' eccetfricity e:

e= 0 circularorbit a>0 & E < 0 boundorbit
O< e< 1 ellipticorbit a>0 & E < 0 boundorbit
e=1 paralicorbit r(0)=q & E=0 Tgmpit! 1

. . 1
e> 1 hyperbolicorbit a<0 & E >0 unboundE = —

2mvf

The shape of an orbit is determinedoy two parameters:
a= semimgor axis meandistance
e = eccetricity measurefhow non{circularthe orbit is.
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Kepler's 3rd Law

Notethat the areaof anellipseis A = | ab=, where
a = ellipse'ssemimgor axisandb=a 1 2= semiminomxis.

Now calculatethe orbital periad T
Recallthat the radiusvectorr sweepsacrossan areaat the rate

dA _
ad 2
Z . .
SO OW)dt—A—aleZ—Z—
where = = G(mi+ mya(l €?) = asng'mom'
2 a? pl e as

so T =

a) =2
" G(m+ mya(l &) G(my+ mpy)

For apolanetarysystemxhe primarym; m; SO
T/  a3=my, whid is Kepler'sthird law.
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