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Chapter 2: Newtonian Mechanics|Single  Particle

Chapters2-8will largelycover the dynamicsof a single isolatedparticle.
We'll examinesystemf multiple particlesin chapters9+.

We will alsomale useof Chapterl, whidh cortains mary usefulformulae,
namely howv to expressa particle's position vector r, its velccity vector
r = dr/dt, & acceleratiowectors in a variety of coordinatesystems
(eg,Cartesiangylindrical,sphericalgtc).

Thereis alsousefulstu in the bad of the book:
solutionsto problemstablesof integrals,etc.



Newton's Laws

Particlesin the classicamacroscopiworld obey Newton'slaws,
rst publishedn Principia, 1687

Note that a physicallaw=rule obeyed by nature and con rmed by experi-
merts.

Law I: A body remainsat restor in uniformmotionunlessactedupon by a
force,ie.,v = constah providedF = 0.

Law Il: A body actedupon by a forcemovessud that its time rate of
changeof momemum equalshe force,ie.,p = F wherep = mr, wherem
IS the particle’smassy its positionvector,r = dr /dt its velccity.

Law III: If two bodiesexertforceson ead other, theseforcesare equalin
magnitudeand oppositein direction,ie,F1>, = F»q,
whereF 1, = the forceon particle 1 exertedby particle2.

Theselaws apply in a non{relativistic, macroscopievorld, ie., to objects
mudh largerthan the de Brogliewavelength\ = h/p that aremoving slovly
comparedo the speedof light c.

Notethat Il impliesmometum conseration:

Fio=p1 = P2
SO p_l + p_2 = 0
) Piota = P21+ P2 = constah



Reference Frames

Applicationof Newton'slaws requireschoosingan inertial referencdérame,
sut asanx, y, z coordinatesystem.

Inertial referencérame=referencéamewhereNewton'slaws are obeyed
(arathercircularargumen..).

Law | impliesthat an inertial referencdrameis onethat is stationaryor
moveswith velacity v = constah

Honever there is no referencerame at "absoluterest' since everything
(planets,stars,galaxiesetc) all move relative to eat other.

Howewer we only needa referencéramethat is "gaod enough'

Considemanexperimen that involvesa pendulum.It danglest fromatable

andoscillatesat the frequency r

g

/

whid is sensitie to the acceleratiomlueto gravity ¢ = 9.8 m/sec, where
¢=pendulumlength.

w -

Doesthe table provide an inertial referencérame?

This dependsupon the desiredorecisiorof your experimen. Notethat the
table is actually an acceleratedeferencdrame, sinceit sits on the Earth

which rotatesonce/dy (P = 1day, w = 2r/P = 73 10 ° sec!,
R = 6400km)

Qcentrif ugal W' R 0.003

) thetableisa gad enoughteferencé&rameif only 2 digits of experimenal
precisionis required. Greaterprecisionwill requirea referencdramethat
co{rotateswith the Earth.



Note that acentrit ugar  0.000G dueto 's orbital motion about the Sun,
soanexperimenal accuracyof 4+ digitswill requireusinga referencérame
that corotateswith the rotating & orbiting Earth.

But the Sunis not at rest|it orbits the Solar System'scener{of{mass,
whid orbits the GalacticCernter, etc...

In practice ,you only needto choosereferencéramethat is "inertialenough’,
ie., pick a referencédramesud that the accelerationdueto otherexternal
phenomen#&dueto rotationsor otheraccelerationsarenegligible.

Applying Newton's Laws

Do example2.1from text: a blodk slidesdown a frictionlessplanethat is
inclinedby angled fromthe horizonal. (1) What isthe blodck's acceleration?
(2) What isits velacity asa functionof time? (3) asa functionof position?

Stepl. Choosea coordinatesystem.



Step2. Asseghe forces:

N = N¢ whereN = JNj magnitudeof forceexertedby the plane
Fg = Iygsindk Fycody
whereFy = mg = forcedueto gravity, acceleratioy = 9.8 m/sec

Step3: write dovn Newton'slawsto getthe Equationsof Motion (EOM):

d
Newtonll: forceF = p = E(mr_) = ms
where r = z% = block's positionvector
F = Fg+ N = Iygsindk + (N Fycod)y

Step4: write the x & y compnerts of the EOM:

R mgsind = me
§ : N Fycod) =0 sincethe block is con nedto plane,ie,» = 0

Step5: sohe:
the acceleratiorfl) isa = ¥ = 28 = gsinfk

integrateto getthe block's velccity:

£ = — = —=gsind
integrate(2): v(t) = gtsind + constah
chooseinitial conditions: xz(0) = 0 andv(0)= 0) constatr O

How do | sohe for (3) v(t)?

1 :

~gt* sinf
So t Zx/lgsine

(3) insertinto v(¢) to getv(x): wv(z) = gsind 2r/gsind = 2gxsind

integrateagain: x(t)




Another Example: problem 2{51

A boat of massm glideswith initial velccity vy, andis sloved by a viscous
forcebv? whereb = constah

What arethe boat'svelccity v(¢) and positionz(t)?

Apply Newton'slaw:

d
F = bw’=me= m—v
dt
How do | sole this for v(t)?
. d b
write —Z = —dt
v m
Z v(t) b Z t
integrate: 02 = —  a®
Vo m o
Y 1 1 bt
— - — 4+ — = I
10 Yo v m
1 1 bt
- = — 4 —
v vg m
Vo
or v(t) =
o(t) 1+ btvy/m
Togetx(t), usev = dx/dt andintegratedzr = wvdt:
VA X(t) VA t 'Uodto
x(t) = daz®=
0 0 1+ b'U()to/m

dow substitution: u = 1+_bvotYm sodu = buydtm

1+bvpt=m d
and z(t) = % ;“ = %ln(1+ bugt /m)
1



Problem Set #1
due Thursday Sept. 22
at start of class

text problems:2{3, 2{15, 2{16, 2{21, 2{28, 2{53.

Conserv ation Theorems

Thesefollov from Newton'slaws, and are are quite handy sincethey are
additionalconstraims that canbe usedto simplifythe problemat hand.

Linear momentump is consergdby a freeparticlefor which F = 0.
This follovsfromlaw Il., F = p=0) p = constah

Angular momentumL is conseredwhentorqueN = 0.
Recallfrom PHY 305that

L r p particle'sangularmometum
N =r F=r p torque
d
soL=—-( p=r p+tr p=N
thus L = constahwhenN = 0



Energy

Work = energyrequiredto changea system'sstate.
Thework doneona particleby forceZF whilemoving frompositionr, ! r:
)

W = F dr

r

dr
Notethat F dr mf dr = m¢ —dt = msf rdt

dt ,
1 d 1 dv
= —m—(r_ r)dt = -m——dt
27”@(; Dt = 5m
1 2 1
So W = -m dv* = Zm(v;  v))
2 2
W = TQ T1
1 : o "
where T; = émvi2= particle'sKinetic Energy(KE) at positionr

Potential Energy (PE) = storedenergy;
the capaciy of a particleto dowork later on.

Thistime assumebhatzthe work doneby forceF obeys
r2
W = F dr= (U, U)
ra
where U; = U(r;) = somefunctionof particle'spositionr;

the particle'sPE



Notethat the relationshipF = r U satis esthe above,

where r = the gradieh operator
Accordingto Egn.(1.116) r = gk + 9 + 32 in Cartesiancoord's
Ox oy 0z
so Fy = Z—U is the x{componen of the force,
T
Fy = a—Uthey{componem, etc
dy
Z
Thus W = (r U)dr

ry
Now ewaluater U dr:

Keepin mind that the particle'spositionvectordependson time:
r =r(t), soU(r) = U(x(t), y(t), z2(t)) in Cartesiancoordinatesand
dU oU dx 8U@+8U@ oU

— = + ——+ — hainRul
G owat T ayat osar T ar Yy ChainRule
dU

SO = (rU) r
dU = (r dr

) (2]22

so W = dU= Uy Uy)

ra
Eviderly the work doneon the particleby F is
the changein the particle’'skE = 1 changen PE:

W = TQ T1 - (U2 Ul)
if £ = T;+ U; = particle'stotal energywhileat r;,
then Ey = T+ Uy =T+ U, = E

This indicategthat the particle'senergyl = T + U is consergd.



A conservative systemis one wherethe forcesare obtained from the
system'gotertial energyU that is a functionof position only: U = U(r)

If U hasan explicit time dependencepr if U hasa dependenceon the
particle'svelccity (perhapsdueto friction), the systemis not conserative,
and £ 6 constan

SinceF = r U, addinga constanto U doesn'talter the physics,ie, F.

Thus we need only measureU relative to some referencevalue
Uret = U(rref).

Commorreferenc@oins areat ryes = 00rrg = 1

From our earlierde nition of%'ork work:
r

W = dU= [U(r) U(rret)]
I'ref 7 ;
SO U(r) = Ulrret) W = Upes F dr
I'ref

Sincethe valueof U,¢t IS unimportart, weusua%/setUref =0,
r

sothe system'sPEis U = F dr

I'ref

Trivial problem:Shat a gun.
The bullet'svelccity is v. What is the work doneon the bullet by the gun?
W = T2 T1 - %va.

Anothersimpleexample:

Lift a brick to a heigh y = h. What work did you just do?
SinceF = mg¢=r1 U= %—;’9, the brick's PE is U(y) = mgy,
sothework doneonthe brickisW = (U, U;) = mgh,

with the signindicatingthat you lost energyputting up the brick.
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Graphical Analysis of a system's PE

Canprovide a qualitative understandingf a particle'strajectory
without actuallydoingany calculations.

Considetthe 1D potential U(x) plottedin Fig. 2-14in the text:
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FIGURE 2-14 Potential energy U(x) curve with various energies Eindicated. For
certain energies, for example £, and FE,, the motion is bounded.

Recallthat a particle'stotal energys £ = T'+ U.

Supmsea particlehasenergyFE,. What rangeof motions
(ie, positionz andvelacity v) migh the particleexhibit?

WhenE = Ey), T=0,v=0,U = Ey, andx = x
) the particleis stationary

What if the particlehasE = E? Ey? E3? E,?
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Equilibrium  Points & Stabilit y

An equilibriumpoirt is a siteis a siter ¢q Wherethe forceis zero,ie,
whereF = 1 U(reg = 00r U(rgg) is at.

For a 1D systemsole %szxeq = 0 to determinethe equilibriumpoint zeq.

Howe\er that equilibriumpoint might be stable(like a marblerestingat the
bottom of a bowl), or unstable(like a pin standingon its poirt).

Test the stability of an equilibrium point:
Put the particleat the equilibriumpoirt r = req andjiggleit,
(e.g.,displacat slighly or give it a smallvelacity kick).

Doesthe particleoscillatearoundr = rgq?
) equilibriumpoint is stable.

Or doesthe particle ‘roll avay' ?
) unstableequilibriumpoirt.

To ansver this, do a linear stability analysis
Considera 1D potertial U = U(x) andTaylor expandabout the equilibrium
poiInt = = Zeq

oU 1 0*U
U(x) = U(l"eu)"'(x l"ea) = +§(37 xea)z Erel

ox Xeq Xeq

The rst termis an unimportant constanh
the seconds zerosince@U/c‘)acjxeq = 0,so

0*U

a2

1
U(x)' ék(x $e0)2 where k

Xeq

12



Notethat the potertial nearan equilibriumpoint reserlesthat of a spring
sinceF'= dU/dx= k(z xeq, Whidh is Hook'slaw for a springforce.

Stability requiresk = % > 0, whidh resultsin a restoringforcethat
: Xeq
opposesary smalldisplacemén fromx = zeq.

In otherwords,U(z) hasa local minimum at the stableequilibriumpoirt,
and a particle that is displacedslighly from equilibriumsimply oscillates
about z = zeq

Instability occurswhenk < 0.

The particle is sitting on a local maximain U(z), and any in nitesimal
displacemdnfrom equilibriumresultsin a forcethat pushesthe particle
evenfurther away.

Hownewer if £ = O, the next higher{orderterm in the expansiorfor U(x)
needgo be examined.
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Example: problem 2{47

A particlemovesin the = > 0 regionof the potertial
U(xr) = Uy 242 wherel,, a > 0.
i a

Find any equilibriumpoints, and ched their stability.

1. Plot U(x):

1o T B AL AL B L

u/u

Whereis the equilibriumsite? How do | deriwe its location?

The equilibriumsite z¢q is wherethe forceis zero,or where

oU 1

Y o=u el -0
ox Xeg Taq @

) Teq = a Istheequilibriumpoint

0*U 2Upa 20U
= >

2 -3
ox Xeg Taq

che stability: £ =

Sois zeq a stableor unstableequilibriumsite?
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