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Chapter 2: Newtonian Mec hanics|Single Particle

Chapters2-8will largelycover the dynamicsof a single,isolatedparticle.

We'll examinesystemsof multiple particlesin chapters9+.

We will alsomake useof Chapter1, which contains many usefulformulae,
namely, how to expressa particle'sposition vector r , its velocity vector
_r = dr/dt, & accelerationvector•r in a variety of coordinatesystems
(eg,Cartesian,cylindrical,spherical,etc).

Thereis alsousefulstu� in the back of the book:
solutionsto problems,tablesof integrals,etc.
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Newton's Laws

Particlesin the classicalmacroscopicworld obeyNewton'slaws,
�rst publishedin Principia , 1687

Note that a physicallaw=rule obeyed by natureand con�rmedby experi-
ments.

Law I: A body remainsat restor in uniformmotionunlessactedupon by a
force,ie.,v = constant providedF = 0.

Law II: A body actedupon by a forcemoves such that its time rate of
changeof momentum equalsthe force,ie., _p = F wherep = m_r , wherem

is the particle'smass,r its positionvector, _r = dr/dt its velocity.

Law III: If two bodiesexert forceson each other, theseforcesareequalin
magnitudeandoppositein direction,ie, F12 = � F21,
whereF12 = the forceon particle1 exertedby particle2.

Theselaws apply in a non{relativistic, macroscopicworld, ie., to objects
much largerthan the deBrogliewavelengthλ = h/p that aremovingslowly
comparedto the speedof light c.

Notethat III impliesmomentum conservation:

F12 = _p1 = � _p2

so _p1 + _p2 = 0
) p total = p1 + p2 = constant
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Reference Frames

Applicationof Newton'slawsrequireschoosingan inertial referenceframe,
such asan x, y, z coordinatesystem.

Inertial referenceframe=referenceframewhereNewton'slawsareobeyed
(a rathercircularargument...).

Law I impliesthat an inertial referenceframeis onethat is stationaryor
moveswith velocity v = constant.

However there is no referenceframe at `absoluterest' sinceeverything
(planets,stars,galaxies,etc) all move relative to each other.

However we only needa referenceframethat is `good enough'

Consideranexperiment that involvesa pendulum.It danglesit froma table
andoscillatesat the frequency

ω =

r
g

`

which is sensitive to the accelerationdueto gravity g = 9.8 m/sec2, where
`=pendulumlength.

Doesthe tableprovidean inertial referenceframe?

This dependsupon the desiredprecisionof your experiment. Notethat the
table is actually an acceleratedreferenceframe,sinceit sits on the Earth
� which rotatesonce/day (P = 1 day, ω = 2π/P = 7.3 � 10� 5 sec� 1,
R� = 6400km)

acentrif ugal � ω2R� � 0.003g

) the tableisa `good enough'referenceframeif only2 digitsof experimental
precisionis required. Greaterprecisionwill requirea referenceframethat
co{rotateswith the Earth.
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Note that acentrif ugal � 0.0006g dueto � 's orbital motion about the Sun,
soanexperimental accuracyof 4+ digitswill requireusinga referenceframe
that corotateswith the rotating & orbiting Earth.

But the Sun is not at rest|it orbits the Solar System'scenter{of{mass,
which orbits the GalacticCenter, etc...

In practice,youonlyneedto choosereferenceframethat is `inertialenough',
ie., pick a referenceframesuch that the accelerationsdueto otherexternal
phenomena(dueto rotationsor otheraccelerations)arenegligible.

Applying Newton's Laws

Do example2.1 from text: a block slidesdown a frictionlessplanethat is
inclinedby angleθ fromthehorizontal. (1) What is theblock's acceleration?
(2) What is its velocity asa functionof time? (3) asa functionof position?

Step1. Choosea coordinatesystem.
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Step2. Assesthe forces:

N = N ŷ whereN = jN j magnitudeof forceexertedby the plane
Fg = Fg sinθx̂ � Fg cosθŷ

whereFg = mg = forcedueto gravity, accelerationg = 9.8 m/sec2

Step3: write down Newton'slawsto get the Equationsof Motion (EOM):

NewtonII: forceF = _p =
d

dt
(m_r ) = m•r

where r = xx̂ = block's positionvector

F = Fg + N = Fg sinθx̂ + (N � Fg cosθ)ŷ

Step4: write the x & y components of the EOM:

x̂ : mg sinθ = m•x
ŷ : N � Fg cosθ = 0 sincethe block is con�nedto plane,ie, •y = 0

Step5: solve:
the acceleration(1) is a = •r = •xx̂ = g sinθx̂

integrateto get the block's velocity:

•x =
d2x

dt
=

dv

dt
= g sinθ

integrate(2): v(t) = gt sinθ + constant
chooseinitial conditions: x(0) = 0 andv(0) = 0 ) constant= 0

How do I solve for (3) v(t)?

integrateagain: x(t) =
1
2
gt2 sinθ

so t =
p

2x/g sinθ

(3) insert into v(t) to getv(x): v(x) = g sinθ
p

2x/g sinθ =
p

2gx sinθ
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Another Example: problem 2{51

A boat of massm glideswith initial velocity v0, and is slowedby a viscous
forcebv2 whereb = constant.

What arethe boat'svelocity v(t) andpositionx(t)?

Apply Newton'slaw:

F = � bv2 = m•x = m
dv

dt

How do I solve this for v(t)?

write
dv

v2
= �

b

m
dt

integrate:
Z v(t)

v0

v0� 2dv0 = �
b

m

Z t

0

dt0

�
1
v0

�
�
�
�

v

v0

= �
1
v

+
1
v0

= �
bt

m

1
v

=
1
v0

+
bt

m

or v(t) =
v0

1+ btv0/m

To getx(t), usev = dx/dt andintegratedx = vdt:

x(t) =
Z x(t)

0

dx0=
Z t

0

v0dt0

1+ bv0t0/m

do u substitution: u = 1+ bv0t
0/m sodu = bv0dt0/m

and x(t) =
m

b

Z 1+bv0t=m

1

du

u
=

m

b
ln(1+ bv0t/m)
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Problem Set #1
due Th ursda y Sept. 22

at start of class

text problems:2{3, 2{15,2{16,2{21,2{28,2{53.

Conserv ation Theorems

Thesefollow from Newton'slaws, and are are quite handy sincethey are
additionalconstraints that canbe usedto simplify the problemat hand.

Linear momentump is conservedby a freeparticlefor which F = 0.
This followsfrom law II., F = _p = 0 ) p = constant.

Angular momentumL is conservedwhentorqueN = 0.
Recallfrom PHY 305that

L = r � p particle'sangularmomentum
N = r � F = r � _p torque

so _L =
d

dt
(r � p) = _r � p + r � _p = N

thus L = constant whenN = 0
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Energy

Work = energyrequiredto changea system'sstate.
Thework doneona particleby forceF whilemoving frompositionr 1 ! r 2:

W =
Z r 2

r 1

F � dr

Notethat F � dr = m•r � dr = m•r �
dr
dt

dt = m•r � _rdt

=
1
2
m

d

dt
(_r � _r )dt =

1
2
m

dv2

dt
dt

So W =
1
2
m

Z r 2

r 1

dv2 =
1
2
m(v2

2 � v2
1)

W = T2 � T1

where Ti =
1
2
mv2

i = particle'sKinetic Energy(KE) at positionr 1

Potential Energy (PE) = storedenergy;
the capacity of a particleto do work later on.

This time assumethat the work doneby forceF obeys

W =
Z r 2

r 1

F � dr = � (U2 � U1)

where Ui = U (r i) = somefunctionof particle'spositionr i

= the particle'sPE
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Notethat the relationshipF = �r U satis�esthe above,

where r = the gradient operator

Accordingto Eqn. (1.116) r =
∂

∂x
x̂ +

∂

∂y
ŷ +

∂

∂z
ẑ in Cartesiancoord's

so Fx = �
∂U

∂x
is the x{component of the force,

Fy = �
∂U

∂y
the y{component, etc

Thus W = �
Z r 2

r 1

(r U )�dr

Now evaluater U �dr :

Keepin mind that the particle'spositionvectordependson time:
r = r (t), soU (r ) = U (x(t), y(t), z(t)) in Cartesiancoordinates,and

dU

dt
=

∂U

∂x

dx

dt
+

∂U

∂y

dy

dt
+

∂U

∂z

dz

dt
+

∂U

∂t
by ChainRule

so
dU

dt
= (r U ) � _r

) dU = (r U )�dr

so W = �
Z r 2

r 1

dU = � (U2 � U1)

Evidently the work doneon the particleby F is
the changein the particle'sKE = � 1� changein PE:

W = T2 � T1 = � (U2 � U1)
if Ei = Ti + Ui = particle'stotal energywhileat r i ,

then E2 = T2 + U2 = T1 + U1 = E1

This indicatesthat the particle'senergyE = T + U is conserved.
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A conservative system is one where the forcesare obtained from the
system'spotential energyU that is a functionof position only: U = U (r )

If U has an explicit time dependence,or if U has a dependenceon the
particle'svelocity (perhapsdueto friction), the systemis not conservative,
andE 6= constant.

SinceF = �r U , addinga constant to U doesn'talter the physics,ie, F.

Thus we need only measure U relative to some referencevalue
Ur ef = U (r r ef ).

Commonreferencepoints areat r r ef = 0 or r r ef = 1

From our earlierde�nition of work work:

W = �
Z r

r ref

dU = � [U (r ) � U (r ref )]

so U (r ) = U (r ref ) � W = Ur ef �
Z r

r ref

F � dr

Sincethe valueof Ur ef is unimportant, we usuallysetUr ef = 0,

sothe system'sPE is U = �
Z r

r ref

F � dr

Trivial problem:Shoot a gun.
The bullet'svelocity is v. What is the work doneon the bullet by the gun?
W = T2 � T1 = 1

2mv2.

Anothersimpleexample:
Lift a brick to a height y = h. What work did you just do?
SinceF = � mgŷ = �r U = � dU

dy ŷ , the brick's PE is U (y) = mgy,
sothe work doneon the brick is W = � (U2 � U1) = � mgh,
with the signindicatingthat you lost energyputting up the brick.
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Graphical Analysis of a system's PE

Canprovidea qualitative understandingof a particle'strajectory
without actuallydoingany calculations.

Considerthe 1D potential U (x) plotted in Fig. 2-14in the text:

Recallthat a particle'stotal energyis E = T + U .

Supposea particlehasenergyE0. What rangeof motions
(ie, positionx andvelocity v) might the particleexhibit?

WhenE = E0, T = 0, v = 0, U = E0, andx = x0

) the particleis stationary.

What if the particlehasE = E1? E2? E3? E4?
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Equilibrium Poin ts & Stabilit y

An equilibriumpoint is a site is a siter eq wherethe forceis zero,ie,
whereF = �r U (r eq) = 0 or U (r eq) is 
at.

For a 1D system,solve @U
@x jx=xeq = 0 to determinethe equilibriumpoint xeq.

However that equilibriumpoint might bestable(likea marblerestingat the
bottom of a bowl), or unstable(like a pin standingon its point).

Test the stability of an equilibrium point:
Put the particleat the equilibriumpoint r = r eq, and jiggleit,
(e.g.,displaceit slightly or give it a smallvelocity kick).

Doesthe particleoscillatearoundr = r eq?
) equilibriumpoint is stable.

Or doesthe particle`roll away' ?
) unstableequilibriumpoint.

To answer this, do a linear stability analysis:
Considera 1Dpotential U = U (x) andTaylor expandabout theequilibrium
point x = xeq:

U (x) = U (xeq) + (x � xeq)
�

∂U

∂x

�

xeq

+
1
2
(x � xeq)2

�
∂2U

∂x2

�

xeq

+ � � �

The �rst term is an unimportant constant,
the secondis zerosince∂U/∂xjxeq = 0, so

U (x) '
1
2
k(x � xeq)2 where k �

�
∂2U

∂x2

�

xeq

12



Notethat the potential nearan equilibriumpoint resemblesthat of a spring
sinceF = � dU/dx = � k(x � xeq), which is Hook's law for a springforce.

Stability requiresk =
�

@2U
@x2

�

xeq
> 0, which resultsin a restoringforcethat

opposesany smalldisplacements from x = xeq.

In other words,U (x) hasa local minimum at the stableequilibriumpoint,
and a particle that is displacedslightly from equilibriumsimply oscillates
about x = xeq.

Instability occurswhenk < 0.
The particle is sitting on a local maxima in U (x), and any in�nitesimal
displacement from equilibrium resultsin a forcethat pushesthe particle
evenfurther away.

However if k = 0, the next higher{orderterm in the expansionfor U (x)
needsto be examined.
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Example: problem 2{47

A particlemovesin the x > 0 regionof the potential

U (x) = U0

� a

x
+

x

a

�
whereU0, a > 0.

Find any equilibriumpoints, andcheck their stability.

1. Plot U (x):

Whereis the equilibriumsite?How do I derive its location?

The equilibriumsitexeq is wherethe forceis zero,or where

∂U

∂x

�
�
�
�
xeq

= U0

�
�

a

x2
eq

+
1
a

�
= 0

) xeq = a is the equilibriumpoint

check stability: k =
∂2U

∂x2

�
�
�
�
xeq

=
2U0a

x3
eq

=
2U0

a2
> 0.

Sois xeq a stableor unstableequilibriumsite?
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