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Looselyspeaking,dynamics = the study of the motion of matter due to
internaland/or externalforces,like gravity, pressure,etc.

Beginby usingNewton'sLawsof motionto study the two{body problem.

Newton's Laws

Law I: A body remainsat restor in uniformmotionunlessactedupon by a
force,ie.,v = constant providedF = 0.

Law II: A body actedupon by a forcemoves such that its time rate of
changeof momentum equalsthe force,ie., _p = F wherep = m_r , wherem
is the particle'smass,r its positionvector, _r = dr=dt its velocity.
In short,F = m•r .

Law III: If two bodiesexert forceson each other, theseforcesareequalin
magnitudeandoppositein direction,ie, F12 = � F21,
whereF12 = the forceon particle1 exertedby particle2.

Newton'slawsarevalid in an inertial referenceframe.
An inertial referenceframe=referenceframe where Newton's laws are
obeyed...yes,this is a circularargument...

Note that Law I implies that an inertial referenceframe is one that is
stationaryor moveswith velocity V = constant, possiblyzero.

1



The Tw o{Bo dy Problem

from Chapter2 of Murray & Dermott's(M&D) Solar SystemDynamics:

Letssolve the 2{body problem:

Beginwith 2 gravitating massesm1 andm2 having positionvectorsr 1, r 2,
and let r = r 2 � r 1 = the bodies'relativecoordinate:

Thesecouldbe two starsthat orbit oneanother,
or a planetin orbit about onestar,
or two unboundbodiesthat encounter each other:

RecallNewton'slaw of gravity:

jF1j =
Gm1m2

r 2 (1.1)

which is an attractive force,sowe canwrite

F1 = +
Gm1m2

r 3 r = m1•r 1 = grav' forceon m1 dueto m2 (1.2)

F2 = �
Gm1m2

r 3 r = m2•r 2 = forceon m2 dueto m1 (1.3)
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thus •r = •r 2 � •r 1 = �
G(m1 + m2)

r 3 r = relative acceleration(1.4)

or •r = �
�
r 3r (1.5)

where � = G(m1 + m2) (1.6)
(1.7)

This is the equationfor the motionof m2 (the secondarybody)
relative to m1 (the primary body).

Notethat writing our equationof motion(EOM) in termsof the
relative coordinater e�ectively placesour originon m1.

Doesthis choiceof a coordinatesystemmean
that our referenceframeis inertial?

The gravitational constant G is
G = 6:67� 10� 11 m3=kg/sec2 = 6:67� 10� 8 cm3=gm/sec2.
Althoughthe text usesMKS units, mostastronomersusecgsunits...
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In tegrals of the Motion

The followingwill derive several integrals(ie, constants) of the motion
that will be quitehandy:

notethat r � Eqn. (1.5) = r � •r = 0 =
d
dt

(r � _r ) (1.8)

so r � _r = h = constant (1.9)

(1.10)

This is the system'sangular momentumintegral h = r � _r
which is a constant vectorthat is perpendicularto both r and _r
) m1 andm2 arerestrictedto moving in a planeperpendicularto h.

h hasunits of ang'mom'per unit mass,
and is sometimescall the speci�c angular momentum

Keepin mind that h is not the system'stotal angularmomentum per unit
mass,dueto the fact that we useda coordinatesystemthat is not inertial.

The total ang'mom' is calculatedin Section2.7of the text usingcenter{of{
mass(COM) aka barycentric coordinates.
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Sincethe motionis restrictedto a plane,
we will proceedusingpolar coordinatesr (r; � ):

Your elementary Mechanicsclassshowedthat

r = r r̂ (1.11)

_r = _r r̂ + r _� �̂ (1.12)

•r = (•r � r _� 2)r̂ +
�

1
r

d
dt

�
r 2 _�

� �
�̂ (1.13)

wherêr , �̂ , andẑ arethe usualunit vectorsin cylindricalcoordinates.

Thus h = r � _r = r 2 _� r̂ � �̂ = r 2 _� ẑ (1.14)
and h = jhj = r 2 _� (1.15)

Kepler's 2nd

The above leadsto Kepler's2nd law of planetarymotion:
a planet'spositionvectorr sweepsout equalareasin equaltimes.

In a short time interval � t,
the radiusvectorr ! r + �r andsweepsout a smallarea� A, where

� A =
1
2
base� height '

1
2
r 2� � (1.16)

Thus
dA
dt

=
� A
� t

�
�
�
�
� t! 0

=
1
2
r 2 _� =

1
2
h = a constant (1.17)

Thusr hasa constant areal velocity, ie,
r sweepsout equalareasin equaltimes.
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Solve for the orbit

Recallthat •r = �
�
r 3r (seeEqn.1.5) (1.18)

whoseradial part is •r � r _� 2 = �
�
r 2 (Eqn.1.13) (1.19)

An easysolutionis obtainedby �rst replacingr with the variableu = 1=r,
andassumethat u = u(� ) while � = � (t):

since r = u� 1 (1.20)

_r = � u� 2du
d�

d�
dt

= � r 2du
d�

h
r 2 since_� = h=r2 (1.21)

so _r = � h
du
d�

(1.22)

and •r = � h
d2u
d� 2

_� = � h2u2d2u
d� 2 (1.23)

Sothe equationof motion(1.19)becomes

� h2u2d2u
d� 2 � u� 1h2u4 = � �u 2 (1.24)

or
d2u
d� 2 = � u +

�
h2 (1.25)

This familiar EOM hasthe sameform asthat of a mass
danglingfrom a springandsubject to gravity:

m•x = � kx + mg wherex = displacement, k = spring const' (1.26)

or •x = � ! 2x + g where! =
p

k=m (1.27)
with sol'n x(t) = A cos(! t � � ) + x0 (1.28)

wherex0 = mg=k, and� = phaseconstant.

ThusEqn. (1.25)hassolution

u(� ) = A cos(� � ~! ) + B (1.29)

whereA; B ; ~! areconstants determinedby initial conditions.
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Since

d2u
d� 2 = � A cos(� � ~! ) = � A cos(� � ~! ) � B +

�
h2 (1.30)

) B =
�
h2 (1.31)

Also,setA = eB wheree is anotherconstant. Then

u(� ) = B [ecos(� � ~! ) + 1] =
�
h2[1+ ecos(� � ~! )] (1.32)

so r (� ) = u� 1 =
h2=�

1+ ecos(� � ~! )
(1.33)

�
p

1+ ecos(� � ~! )
(1.34)

This is the equationfor a conic section=intersectionof a plane& cone,
wherethe constant p = h2=� is known asthe semilatusrectum.
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The type of conicsectiondependsupon the orbit's eccentricity e:

circle e = 0 p = a E < 0
ellipse 0 < e < 0 p = a(1 � e2) E < 0
parabola e = 1 p = 2q E = 0
hyperbola e > 0 p = a(1 � e2) E > 0

(1.35)

wherethe constant a is the orbit's semimajor axis,
whileb = a

p
1 � e2 = the semiminor axis.

The constants a;e; ~! areknown asorbit elements.

Later we will show that orbitswith eccentricities e < 1 arebound,
ie, they have energiesE < 0,
whilea parabolic orbit with e = 1 is marginallyboundwith E = 0,
anda hyperbolic orbit with e > 1 is unboundwith E > 0.

The bound,elliptic orbit is mostrelevant to planetaryproblems:

r (f ) =
a(1 � e2)
1+ ecosf

(1.36)

where f = � � ~! = m2's true anomaly (1.37)

� = its longitude (1.38)

~! = its longitude of periapse (1.39)

m2 is closestto m1 at periapse, whenf = 0 andr (0) � q = a(1 � e),
andfurthestat apoapsewhenf = � andr (� ) � Q = a(1 + e).
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Notethat the primary m1 is not at the center of the ellipse;
rather it liesat a focus.

We have alsorecoveredKepler's1st Law of planetarymotion:
a planetmovesalongan ellipsewith the Sunat onefocus.

Sinceh =
p

�p , this alsomeansthat the system'sangularmomentum
(actually, its angularmomentum integral)dependson e, too.
For an ellipticalorbit, h =

p
�a (1 � e2).

Kepler's 3r d Law: T2 / a3

Recallthat

dA
dt

=
1
2
h = r 's arealvelocity, Eqn. (1.17) (1.40)

If T = the planet'sorbital period, then

total orbit area =
Z T

0

dA
dt

dt = A =
Z T

0

1
2
hdt =

1
2
hT (1.41)

) T =
2A
h

(1.42)

where A = � ab= areaof ellipse (1.43)

= � a2
p

1 � e2 (1.44)

and T =
2� a2

p
1 � e2

p
�a (1 � e2)

(1.45)

= 2�

s
a3

�
= 2�

s
a3

G(m1 + m2)
(1.46)

which con�rm's Kepler's3r d.
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Energy In tegral E

Recallthat •r = �
�
r 3r (Eqn. 1.5) (1.47)

so _r � •r +
�
r 3 _r � r = 0 (1.48)

since r = r r̂ and _r = _r r̂ + r _� �̂ (1.49)

_r � r = _r r (1.50)

and _r � •r +
� _r
r 2 = 0 (1.51)

now notethat v2 = _r � _r (1.52)

so
dv2

dt
= 2_r � •r (1.53)

or _r � •r =
1
2

dv2

dt
(1.54)

Next notethat
d
dt

�
1
r

�
= �

_r
r 2 (1.55)

so _r � •r +
� _r
r 2 =

d
dt

�
1
2
v2 �

�
r

�
= 0 (1.56)

ie E =
1
2
v2 �

�
r

= constant energyintegral (1.57)

= kinetic+ potential E per mass(1.58)

Again, this is not the system'stotal energysinceour coordinatesystemis
not inertial (ie, the relative velocity v wouldneedto be replacedwith COM
velocities_r 1 and _r 2).
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SinceE is constant, we canevaluateit at any site in m2's orbit about m1.
LetsevaluateE whenm2 is at periapse,whenit is closestto m1.
Thenr = q = a(1 � e), _r = 0 sov = r _� (why?)
where_� = h=r2, sov = h=r = h=a(1 � e) whereh =

p
�a (1 � e2) and

E =
�a (1 � e2)
2a2(1 � e)2 �

�
a(1 � e)

=
�

2a(1 � e)

�
(1 + e)(1 � e)

1 � e
� 2

�
(1.59)

=
�

2a(1 � e)
(� 1+ e) (1.60)

= �
�
2a

= �
G(m1 + m2)

2a
(1.61)

which of courseis a constant sinceour 2-body systemis conservative.

The other important integralis the angularmomentum integralh

h =
p

�a (1 � e2) =
p

G(m1 + m2)a(1 � e2) (1.62)

Section2.7of the text alsocomputesthe system'stotal energy
andangularmomentum in barycentric (ie, COM) coordinates:

Let � ? =
m1m2

m1 + m2
= system'sreduced mass (1.63)

Sec'2.7showsthat E ? = � ?E = �
Gm1m2

2a
= total energy (1.64)

and L? = � ?h =
m1m2

m1 + m2
h = total ang'mom'(1.65)

(1.66)

pleasedon't confuse� ? and� ...
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The Orbit in Space

In general,m2's orbit planewill di�er from
your preferredx � y \referenceplane".

If you werestudyingthe motionof, say, a comet,then your referenceplane
would likely be the ecliptic (the planeof Earth's orbit). If studying the
motionof a star, thenyour x � y planemight insteadbethe Galacticplane.

Threeadditionalanglesareneededto describe the orientation of m2's orbit:
inclinationi , the tilt of orbit planerelative to the referenceplane
longitudeof ascendingnode

argument of periapse!

The seta;e;i; ! ; 
 the shape andorientation of m2's orbit, and f givesits
angularlocationin that orbit.
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The Orbit in Time

We still needto specify wherem2 is as a function of time, ie, we needto
solve for m2's positionr andtrue anomalyf asfunctionsof time t.

This isdonein Section2.4ofM&D; thederivationisstraightforwardcalculus
andgeometry, but laborious,and is not repeatedhere.

Section2.4 shows that r and f can be parameterizedas functionsof the
eccentric anomalyEc:

r (Ec) = a(1 � ecosEc) (1.67)

M � n(t � � ) = Ec � esinEc (known asKepler'sequation)(1.68)

whereM = mean anomaly,
n =

p
�=a 3 =

p
G(m1 + m2)=a3 = the meanmotion

(ie, m2's meanangularvelocity about m1),
and� = time of periapsepassage.

It is recommendedthat you work throughSection2.4
andcon�rm the above equations.

Supposeyou wishto know what r andf arefor m2 at sometime t:

1. calculaten andM (Note: you cansetyour clock sothat � = 0).

2. solve Kepler'sequationnumerically for Ec, thenget r (Ec).

3. solve the ellipseequationr = a(1 � e2)=(1 + ecosf ) for f ,
taking careto get the signof f correct(or useEqn' 2.46of M&D) .

This might seemlaborious,
but the above stepsareeasilyautomatedon a computer.
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Elliptic expansions of the orbit

Kepler'seqn. (KE) relatesm2's position$ time via

M = n(t � � ) = E � esinE (1.69)
r = a(1 � ecosE): (1.70)

However the relationshipbetweent and r (f ) is di�cult to usein analytic
studies,principallybecauseKE is a transcendental functionof E.

But usefulanalytic formulasdescribingm2's motion arepossiblewhenthe
orbit is nearlycircular,ie, in the limit that e � 1.

This approximation is often accurateenoughwhendescribingthe motion
of most of the planets,satellites,and the orbits of dust grains,planetary
ring particles,as well as for binary stars whoseorbits have beentidally
circularized.

The followingapproximationwill be marginallytrue for
asteroidshaving e � 0:1.

However it is not usefulfor cometaryorbits,andstarsin clustersor galaxies,
which oftenhave substantially largere's.

Consideran orbit with e � 1, andderive expressionsfor the true anomaly
f andthe radial coordinater=a aspower seriesin e.

The followingderivesthoseexpressionsto an accuracyof O(e).
In your homework, you will rederive theseexpressionsto accuracyO(e2).
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The following trig identities will be useful:

cos(A + B) = cosA cosB � sinA sinB (1.71)

sin(A + B) = sinA cosB + cosA sinB (1.72)

sin2 A =
1
2
(1 � cos2A) (1.73)

cos2 A =
1
2
(1 + cos2A) (1.74)

Alsousefulis the binomialexpansion:

(1 + x)n = 1+ nx +
1
2!

n(n � 1)x2 +
1
3!

n(n � 1)(n � 2)x3 + � � �(1.75)

andthe Taylor seriesexpansions

sinx ' x �
x3

3!
+

x5

5!
+ O(x7) (1.76)

cosx ' 1 �
x2

2!
+

x4

4!
+ O(x6) (1.77)

Start by inserting

E = M + esinE (1.78)

into
r
a

= 1 � ecosE = 1 � ecos(M + esinE) (1.79)

thus
r (t)
a

= 1 � ecosM cos(esinE) + esinM sin(esinE) (1.80)

' 1 � ecos(M ) + O(e2) (1.81)

sinceM (t) = nt ande � 1.
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The seriesexpansionfor f (t) is obtainedfrom

h = r 2 _� = r 2df
dt

= na2
p

1 � e2 (1.82)

so df =
a2

r 2

p
1 � e2ndt (1.83)

=
p

1 � e2
�
1 � ecosM + O(e2)

� � 2
dM (1.84)

Now usethe binomialexpansion:
p

1 � e2 ' 1 �
1
2
e2 (1.85)

and (1 � ecosM )� 2 ' 1+ 2ecosM + O(e2) (1.86)

so df ' (1 + 2ecosM )dM (1.87)
and f (t) ' M + 2esinM + O(e2) (1.88)

whenintegrated.

Higher{orderexpressionsfor r=aandf arealsogivenin Section2.5of M&D.
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Assignmen t #1
due Th ursda y January 19

at the start of class

1. Repeat the above analysisto an accuracyof O(e2) to show that

r
a

' 1 � ecos(M ) +
1
2
e2(1 � cos2M ) + O(e3) (1.89)

f ' M + 2esinM +
5
4
e2 sin2M + O(e3) (1.90)

Of course,Section2.5of M&D derivetheaboveby invokingBesselfunctions.
Your solutionSHOULDNOT parrot M&D; usemy method outlinedabove,
which is conceptuallymuch easier...

2. Usingthesesamemethods,show that

cosEc ' cosM +
1
2
e(cos2M � 1) + O(e2) (1.91)

sinf ' sinM + esin2M + O(e2) (1.92)

(Wewill usethe resultsof problems1 & 2 later whenweexaminethe e�ects
of a planet'sperturbationsupon,say, an asteroidin a low{e orbit,
or the motionof onesatelliteasit is perturbedby another.)

3. Considertwo smallsatellitesin closeorbits with semimajor axesa and
a + � a, wherej� aj � a. Show that their synodic period, which is the
time betweensuccessive encounters, is Tsyn ' 2Ta=3j� aj, whereT is the
orbit period of oneof the satellites.We will usethis result in our study of
planetaryrings.

moreon next page)

17



4. Considertwounboundstarsm1 andm2 that encounter andgravitationally
scattereach other;their motionis hyperbolic. Longbeforethe encounter at
time t = �1 , the star'sseparationr is in�nite, andstar m2 (the scattered
star) hasan initial speedv1 relative to m1 (the scatteringstar) andimpact
parameterb (seesketch).

a.) show that m2's orbit hasa semimajor axesa, speci�c angularmomentum
h, andeccentricity e that obey

a = �
�

v2
1

where� = G(m1 + m2) (1.93)

h = bv1 (1.94)

e2 = 1+
b2v4

1

� 2 (1.95)

b.) Let f max = m2's maximum true anomaly, which is achieved at times
t = �1 . Also let � s = anglethroughwhich m2 is scattered.Show that

cosf max = �
1
e

(1.96)

� s = 2cos� 1
�

�
1
e

�
� � : (1.97)

We will usetheseresultslater whenwe discussdynamicalfriction in star
clusters.
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The epicyclic appro ximation

Assumem2 is in a nearlycircularorbit, so

r (t) ' a � aecosnt � a + x(t) wherex(t) = � aecosnt (1.98)

f (t) ' nt + 2esinnt � nt +
y(t)
a

wherey(t) = 2aesinnt (1.99)

The text callsthis the guidingcenter approximation,
but is alsoknown asepicyclic motion.

The guidingcenter is the point G which travelsabout m1

on a circularorbit of radiusa with a constant angularrate n.

Meanwhile,m2 is at the point x; y, which revolvesaroundpoint G
in the oppositesensewith a radial amplitudeae
(which is known asm2's epicyclic amplitude),
anda tangential amplitude2ae.

Notethat theseformulasareonlyappropriatefor the nearlyKeplerianprob-
lem, namely, for the motion of m2 as it orbits in a gravitational potential
that variesasr � 1.

When we considerthe motion of stars as they orbit in a galaxy'snon{
Keplerianpotential, we will derive modi�ed expressionsfor x andy.
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