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Chapter 7: Lagrangian & Hamiltonian Dynamics

Problem Set #4
due Tuesday November 1
at start of class
text problems 7-7, 7-10, 7-11, 7-12, 7-20. Please derive all
solutions—don’t simply show that the text’s solutions satisty your EOM.

Newton's Law F = mp can be problematic at times.

For instance, the resulting EOM can at times be messy in spherical, cylin-
drical, or other coordinate systems:

F/m = ix+ ¢y + 22 in Cartesian coordinates
: 1d, o 4
= (7 —r@*)F + —E(TQQ)Q + 2z in cylindrical coord’s
r

Newton’s law requires knowing all the forces acting on a particle. In partic-
ular, constraints are in additional forces to be accounted for in ' = ma.

Some forces of constraint are easy
ex.: a particle on a flat plane has F.ostraint = +mgz

However other problems may have constraining forces that are too
complicated or difficult to formulate.
ex.: motion on a curved surface, motion of a bead along a curved wire, etc.



Lagrange equations of motion

An alternate approach is to use Lagrangian dynamics,
which is a reformulation of Newtonian dynamics
that can (sometimes) yield simpler EOM.

Another advantage of Lagrangian dynamics is that it can easily account for
the forces of constraint.

Begin by noting that the solution to many physics problems can be solved
by first invoking a minimization principle.

Ex.: in 1657 Fermat postulated that light rays always travel along the path
that requires the least amount of time. From the principle of least time,
one can derive the law of reflection (eg, the angle of reflection at a mirror =
angle of incidence) and Snell’s law of refraction.

We will derive Langrangian mechanics by invoking Hamilton’s Principle
(1834), which asserts that a dynamical system follows the path that mini-
mizes the time integral of the Lagrangian L =T — U,

where T" and U are the system’s kinetic and potential energies.

Chapter 6 tells us that this integral, sometimes called the action, is

lo

J = / L(sz,ﬂﬁz,t)dt
t

1

where the x;(t) with ¢ = 1,2,..., N are the system’s trajectories in this
N-dimensional problem, and &;(t) are the velocities.

For example, x;(t) could represent the z(t), y(t), z(t) of a single particle.



Hamilton’s Principle implies that the action J has a minimum along the
system’s trajectory x;(t).

Consequently, each of the trajectories x;(t) obey the Euler-Lagrange eqn’s:

OL _d (OL\ _ |
&ci dt aZCZ B

These equations are usually called the Lagrange eqn’s.

Note that Newton’s Law can be recovered from the Lagrange eqn’s:
Consider the 1D motion of a particle moving in the potential U = U(x):

1

L@@):T—U:§mﬁ—U@)
oL oU
_— = — = F
> ox
d
thus F' = Ema::mx as expected.

Note that the Lagrange EOM are a reformulation of Newtonian mechanics.
They do not introduce any new physics. Rather, they merely provide an
alternate approach to solving physical problems.

Note also that Lagrangian dynamics does not deal with forces,
which are vector quantities;

rather, it deals with energies, which are scalars

(which can also be simpler to formulate).



Generalized coordinates

Suppose your 3D system has N particles,
and there are m equations of constraint. Then this problem has

s =3N —m degrees of freedom

which means that the problem can be described by
s = 3N — m generalized coordinates q; where 1 =1,2,...,s.

The set of {g;} is the smallest possible set of coordinates that can completely
specify the state of the system.

Note that the ¢; need not have units of length—they might instead be some
combination of lengths, energies, angles, dimensionless coordinates, etc.

Note also that the ¢;, which are known as the generalized velocities,
may or may not have units of length or angle per time.

The Lagrange equations for the generalized coordinates are

oL d (0L
——— | == | = i=12...
e~ ag) =0 s



Example 7.5

A pendulum is attached to a massless rim of radius a that rotates at a
constant angular velocity w. Obtain the Lagrange equation for mass m.

T

o

i

Fig. 7-3.



Begin by writing the Lagrangian L =T — U.
What is this system’s potential energy U?

We will need m’s Cartesian coordinates:

r = acoswt -+ bsind
y = asinwt — bcosh
What is T
Also need m’s velocities:
i = —awsinwt + bcos b

§ = aw coswt + bsin 60

so 2 = @+ 97 = (aw)® + (b0)? + 2abwh(— cos O sinwt + sin O cos wt)

but right () = sin(6 — wt)

1 1 . .
so T = imv2 = am[(aw)Q + (b0)* + 2abwl sin(6 — wt)]
1 . .
and L = im[(aw)2 + (b0)* + 2abwl sin(0 — wt)] — mg(asinwt — bcosH)

What are the generalized coordinates for this system?
The generalized velocities?

We could have written L in terms of x,y and z, .
Are the generalized coordinates?



What is the Lagrange equation for this system?

oL _d (LY _
90 dt\opo)

oL

where 50 = mabw cos(f — wt) — mgbsin 0
L .

and (9_ = mb*0 + mabwsin(f — wt)

d (0L o :
0 — (%) = mb“0 + mabw(0 — w) cos(6 — wt)

thus  abwl cos(d — wt) — gbsinf — b%0 — abw(h — w) cos(6 — wt) = 0
so 0+ %sine = %wQ cos(f — wt)
is the EOM.

This is the EOM for a pendulum that is driven
by an external torque (eg, the term on the right).

ie, the simple pendulum is recovered when w = 0.
How would you solve the EOM?

Always keep in mind the distinction in the meaning of a partial derivative:
oL
— (1)
00

i () @

If you confuse the two, your EOM will be wrong.

and a total derivative:



Example 7.7—constrained motion

A bead of mass m slides along a parabolic wire where z = cr?.

The wire rotates with angular velocity w about the vertical axis.
Obtain the system’s Lagrange eqn’s.

Also, how fast should the wire rotate in order to suspend the bead at an
equilibrium at height z > 0.

0
Fig. 7-5
The Lagrangian is
L =T-U
where U = mgz

1

T = —mav?
2 .« A

v = 1T+ 100 + 2Z = bead’s velocity in cylindrical coord’s
1

so L = im(r2 + 7267 + %) —mgz

Is L written in terms of the system’s generalized coordinates?



How do I simplify this further using the constraint imposed by the wire?

First note that 6 = w,
and that z = cr?, so that 2 = 2¢rr and

1
L = Qm(TQ + r2w? 4 4c*r*r?) — mger

2

What are this system’s generalized coordinates?

The Lagrange eqn’ is

oL d (0L _ |
or dt\or)

oL
where 5 = mrw? + 4mc*ri? — 2mgcer
r
oL
and — = mr 4 dmcirir
or
d (OL
SO 7 (E) = mi + 8mcri? + Amctriy
so  (1+4c*r?)i + 4c*ri? — rw® + 2ger = 0

is the .7 EOM.

What is the condition for ‘floating’ the bead
at some equilibrium height z = ¢r? > 07
ie, how fast must the wire rotate for centrifugal force to balance gravity?

Since r =0 and 7 = 0,
w? = 2gc

is the angular at which the wire must spin in order to float the bead.



Example 7.9

A disk of mass M is constrained to roll down an inclined plane without
slipping. Solve the Lagrange equations for motion.

Fig. 6-7

First get the kinetic energy.

Recall from PHY305 that T = T ormase + Lrot = %M V> 4+ Tt
where T).,; = %I 6? is the KE due to the disk’s rotation,
= %M R? = disk’s moment of inertia:

1

1 .
T = —My* + -~MR*§*

2 4
What is U?

The Lagrangian is then

1 1 .
L =T-U-= §MQQ + ZMR292 + Mgysina

10



What does the no-slip constraint tell us about the coordinates y and 67
What about the velocities?

Tip: put a dot on the disk, and use it to relate y «—arclength.
y = RO and ¢ = R

This allows us to write L in terms of a single generalized coordinate:

3 :
L = 1MR292 + MgR6sin a

The Lagrange equation for this system is

OL _d (9LY _ |
90 dt\po)

3 iy

so MgRsina = 5MR29
y 2

ie 0 = %sina

: 2gt . :
so O(t) = 3p SN assuming disk starts at rest

t2

and 0(t) = g—Rsina

is the solution for the disk’s motion.

11



Problem Set #5
due Thursday November 10
at start of class

text problems 7-17, 7-27, 7-28, 7-33.

Exam #2
on Chapter 7 & Problem Sets 4 & 5
Thursday Nov. 17

The Hamiltonian H

Now lets derive another set of equations of motion from the Hamiltonian H.
This is usually obtained from the system’s Lagrangian:

OL
begin by defining the generalized momentum p; = B
qj
oL d OL
the Lagrange Eqn. is then 5—% = %8—% =P,

Example: 1D motion of a single particle:
1

L = §mq'2 —Ulq)
oL .
= — =M

Note that p = the customary mass X velocity only when ¢ is a length.
For other systems, p might instead be an angular momentum, or something
else.

Now construct the Hamiltonian H via the following equation:

J
where the sum extends over all of the p; & ¢;.

12



a simple example:

suppose L = L(x,y,%,9)

0L 0L
then Pz = % py:a_y

and  H(pe,py, ,y) = pait +pyj — L,y &, 9)

But note that H is defined to be a function of the p’s and ¢’s,
while L is ordinarily a function of ¢’s and ¢’s!

How do we exchange the ¢’s and ¢’s for p’s and ¢’s?

To write H as a function of the p’s and ¢’s, use p; = dL/0q; to obtain an
equation for ¢; in terms of the p’s and ¢’s, ie, ¢; = ¢;(qi, pi, t).

Then replace each ¢; appearing in L with the equivalent expression

Qj(Q¢,pi, t) that depends on the p’s and ¢’s
=-this yields the Hamiltonian H (p;, ¢;,t) in its desired form.

13



Another set of EOM—Hamilton’s equations

To obtain the H EOM, start by calculating the total derivative of H:

H(pi,qi,t) = ij% — L(qi, g, t)
J

H H H
so by Chain Rule, dH = > (a—dpj + g—q_dqj) + aa—tdt
J

oL oL oL
while derivative of RHS = q:dp; + p;dqg; — =—dq; — —_dQ) — —dt
%:(y R P A e ot
OL OL
Note that — = p;, and — =p,,
aqj J aqj J
. oL OL
so RHS = Z (qjdpj — a—qjdqj) — Edt

Think of dH as the total change in H that results when you alter the
Pj»q;, and t by small, arbitrary displacements dp;, dg;, dt.

Next bring RHS—LHS:

Z a_H_'.d.+ a_H+'.d.+a_H+a_L dt = 0
~ \\ap;, )T\ Gy TH ) or ot )" T

J

Since the displacements dp;, dg;, dt are arbitrary,
what does that tell us about their coefficients?

Thus we get Hamilton’s equations:

- 0H
Qj—@
. 0H
pj__é?—qj
OH 0L
o ot

=The system’s H tells you how its p’s and ¢’q evolve over time.

14



Suppose our system has s degrees of freedom,
ie, L is a function of s generalized coordinates.

The L' EOM would thus yield s second—order DE’s,
while Hamilton’s Eqn’s would yield 2s first—order differential eqn’s.

Hamilton’s eqn’s provide yet another distinct set of EOM that are equivalent
to the Lagrange EOM and Newton’s Laws of motion.

Hamilton’s equations are especially useful in studies of
nonlinear & chaotic systems.

They are also quite handy when you want to draw a system’s phase diagram,
plots of the p; plotted versus the ¢;,

and are simply curves of constant H (p;, i, t).

You will also need to know how to construct H in quantum mechanics,
since H appears in the Schrodinger eqn’.

15



The 7 Steps of H

Using Hamilton’s Eqn’s requires 7 steps:
1. Write L(q;, ¢;,t).
2. get the generalizes momenta
oL
3. Use the above to solve for ¢; = ¢;(qi, pi, t).

4. Insert the above into L to express it as L(q;, p;, ).
5. Construct the Hamiltonian

H(pi,qi,t) = ij% — L(gi, pis 1)
J

6. Get Hamilton’s Eqn’s:

. _ 0H
__od
b dq;

7. solve, if possible

16



Example 7.11

Use Hamilton’s eqn’s to solve for the motion of a particle of mass m
that is subject to a spring—force F = —kr
while constrained to move on a cylinder of radius R.

Fig. 7-9.

1. obtain L =T — U:
1 1
U= ikﬁ = 5]{(:52 +y* + 22
How is U affected by the constraint?

= 12+ y* = R? so U = 1k(R* + 27).

The particle’s KE in cylindrical coordinates is

1 .
T = §m(7'ﬂ2 + 1707 + %)

How does the constraint alter 177 |
= r=Randr=0so0T = im(R*0* + z%).

17



1 . 1
and L = T—U= 5m(R?e? + %) — 5/~c(R? + 2%

2. get the generalized momenta:

OL :
Py = — = mR?0 = angular momentum
OL . :
p: = - =mi= vertical momentum
z

3. solve for the generalized velocities ¢;:

: Do
0 —
mR2
and 2z = P-
m
4. Write L = L(q;, pi, t):
2 2
p& b 1 2 2
L = — —k(R
B o U A

5. Construct H:

J

2 2
p& b 1 2 2
_ “k(R

e o TRt 2

18



6. Get Hamilton’s Eqn’s:

. OH 1 OH
g = — and p;,=——
J 8pj J 8qj
SO QzaH: Po and z:aH:&
Opsg  mR2 Op. m
OH
while pg = 59— 0 = angular momentum is conserved
OH
and p, = —a—:—kz
2z

7. Solve for the motion.

Since pg = constant, the particle revolves
with a constant angular velocity 6 = pg/mR* = 0(t) = 0t.

The equations for the vertical motions is that of a SHO:

. _ D: k ;
P = = =——2=—wz
m m

so z(t) = Acoswyt

19



H conservation

Recall that L = L(q;, ¢;,t). Thus by the Chain Rule,
dL oL . OL
dt Z (5’%% a4, qy) T

j
oL d oL
but the Lagrange eqn’ is 5?—qj = Eﬁ_q]

dL - _ S 4oL  OL.\ oL
T i dtaq'j 03,7 ) 5

e O
u -_— = ;
8qj J

d,. d dH oL
zj: £(ij]‘ - L) = at Z(Qﬂ?y L) = O ot

thus if L is independent of ¢ = H is Conserved

when does H = E?

Next, show that H = E under certain circumstances:

oL
now suppose — = 0

ot
and U = U(g;) ie, U is independent of ¢t and ¢;

what kind of system is this?

Also assume that T is a quadratic function of the ¢’s:
N N

T(qz) = Z Z a]-,kq'jqk where Qjk = Ak j
j=1 k=1
Examples include:

1
T = §m(x2 + 9% +g*) in Cartesian coord’s
1 . .
or T = im(r2 +r%0* 4+ r*sin? 0¢*) in spherical coord’s

20



Is T = sm(2® + 2y + vz) quadratic in the generalized velocities?

2

Now show that H = E in this case:

since H = Zpiq'i—L

6?L
= —T+U
6?
N
ol
— a— —-T+U
o Y
Now calculate
N N
orT o . .
o Zzaj,qujqk
a% =1 k=1 (9(]@
N N
- Z a;j k(0 Gk + 4;0k:)
j=1 k=1
N N N
— Zazk% + Zaﬂqj = QZaquk since a;; = a; j
k=1 j=1 k=1

N o7 N N
consequently, %qz =2 Z Z a; 1qiqr = 2T
i=1 i=1 k=1

and thus H =2T-T+U=F

21



To summarize:
When (i.) OL/0t = 0 = H = constant

But when (i.) OL/0t =0
and (11.) U = U(q;)
and (@1.) T =), a;jrqjgx = H = E = constant

When conditions 7., 7., and %22. hold, you can readily obtain the system’s
Hamiltonian A by simply writing down the system energy F.

Just make sure that F is written as a function of the p’s and ¢’s rather than
the ¢’s and ¢’s—you still have to eliminate the ¢’s in favor of the p’s.

Nonetheless, using H = E to construct the Hamiltonian can be a bit easier
than using the formal definition of H = ) . p;¢g; — L.

Cyclic coordinates

The pair (qx, pr) are called canonical conjugates

and the transformation from
L(qi, 4, t) — H(q;, pi,t) is a canonical transformation.

A coordinate g that does not appear in L or H is said to be cyclic.

Cyclic coordinates are especially handy in Hamilton’s eqn’s since

= the momenta of cyclic coordinates are constants of the motion.

22



Problem 7—28

A particle of mass m moves in the central force—field F(r) = —k/r?.
What are the Hamilton EOM?

What coordinate system should I use?
The PE for this system is U(r) = —k/r, which recovers F' = —9U/0r.
What is the KE in this coordinate system?

The Lagrangian is

1 ook
L = T—U:§m(¢~2+r292)+—
r

So the system’s momenta are

oL . . Dr
Pr = ———=mr SO r=—
aL@T m
; ; Po
d py=—=mr’f 0= —"—
and Py Y mr SO -

Can we simply use H = E = T'4 U to construct the system’s Hamiltonian?
What 3 conditions must be met?

() is OL /ot = 07

(44) is the system conservative, ie, is U = U(q;)?

(i1) is T quadratic in the ¢;’s?

23



consequently, we can use H = T+ U = + ——

Hamilton’s EOM are

. 0H
YT o,
so 1 = o _ I
-~ Op, m
: oOH
and 6 = = p92 which we already knew...
Opy mr
: oH
and p] = —w
J
. OH  p; k
S Y e R
oH
and p@ = —%:O

Which coordinate is cyclic? What quantity is then conserved?

Note that these results are consistent with our earlier results for the 2-body
problem, upon replacing m — p and k — G(mq + ma):

po = mr?0 = angular momentum £ in Chapter 8
Pr_ p; _k/m
m  m?rs 2

also note that r =

which is the eqn’ for m’s radial acceleration,
which we derived earlier on page 26 of Chapter 8.
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